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ABSTRACT 


This  is  a  two-part  study  on  the  plastic  deformation  of 
the  fiber-reinforced  metal  matrix  composites. 

In  the  first  part  of  the  study,  a  plasticity  theory  is 
formulated  to  predict  analytically  the  macroscopic  and  microscopic 
responses  of  the  unidirectional  fiber-reinforced  metal  matrix 
composites,  loaded  by  axisymmetric  composite  stress  states.  The 
composites  are  made  of  isotropic,  linearly  elastic  fibers,  and 
elastic-plastic,  nonhardening  matrix  of  Mises  type,  and  are 
assumed  to  be  both  plastically  extensible  and  compressible.  It 
is  shown  that  the  unidirectional  composites  experience  kinematic 
hardening  when  loaded  by  axisymmetric  composite  stresses.  The 
hardening  and  flow  rules  governing  the  kinematic  hardening  are 
formulated.  The  results  obtained  by  the  hardening  and  flow  rules 
are  compared  with  exact  plasticity  solutions  based  on  the  finite 
element  method.  A  very  good  agreement  is  obtained  both  for  pro¬ 
portional  and  general  loading  regimes .  An  approximate  method 
for  the  determination  of  microstresses  in  the  unidirectional 
composites  under  axisymmetric  loading  is  described. 
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The  plasticity  theory  is  used  to  solve  micromechanics 
problems  which  arise  as  a  result  of  heat  treatment  of  the  com¬ 
posites  during  fabrication.  The  residual  microstresses  and  the 
yield  surfaces  of  several  heat-treated  unidirectional  metal 
matrix  composites  are  predicted  by  analytical  simulation  of 
the  heat  treatment  sequences.  The  results  obtained  for  a  heat- 
treated  tungsten-aluminum  composite  are  compared  with  existing 
experimental  work  to  show  that  the  analytical  predictions  are 
very  accurate.  In  addition,  new  heat  treatment  sequences  that 
may  improve  the  properties  of  unidirectional  boron-aluminum  com¬ 
posites  are  described. 

The  second  part  of  the  study  is  concerned  with  composite 
laminates.  Specifically,  solution  procedures  are  described  for 
the  determination  of  microstresses  in  the  laminae,  and  in  the 
fiber  crossover  regions  at  the  interfaces  between  the  laminae. 
Particular  solutions  are  presented  for  the  0-90  deg.  B-AH  lam¬ 
inates.  The  local  microstresses,  and  the  initial  yield  surfaces 
of  the  laminates  are  found  for  the  combinations  of  applied  com¬ 
posite  stresses  which  are  frequently  encountered  in  practical 
applications. 
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PART  I 


PLASTICITY  THEORY  UNIDIRECTIONAL 
FIBER-REINFORCED  METAL  MATRIX 
COMPOSITES 


CHAPTER  I 


INTRODUCTION 


Composites  with  their  high  strength  to  density,  and 
stiffness  to  density  ratios  have  become  very  useful  in  many 
technological  applications.  From  the  engineering  point  of  view 
a  composite  may  be  defined  as  "a  man-made  material,  consisting 
of  at  least  two  mechanically  distinct  materials  with  distinct 
interface  separating  the  constituents,  the  properties  of  which 
could  not  be  achieved  by  any  one  of  the  constituents  acting  alone" . 
An  important  class  of  composites  consists  of  a  softer,  low  modu¬ 
lus  matrix,  and  stiffer  high  modulus  inclusions.  The  inclusions 
may  be  of  arbitrary  shape  or  of  specified  geometry.  They  may  be 
distributed  in  the  matrix  randomly  or  form  a  regular  array. 

Depending  upon  the  shape  of  the  inclusions,  composites 
can  be  classified  into  two  major  types:  particle-reinforced 
composites,  and  fiber-reinforced  composites.  As  the  names  imply, 
in  particle-reinforced  composites,  the  inclusions  are  in  the  form 
of  fine  particles,  and  in  fiber-reinforced  composites  the  inclu¬ 
sions  are  in  the  form  of  thin  fibers.  The  size  of  the  particles 
and  the  diameter  of  the  fiber  may  range  from  a  fraction  of  a 
micron  to  several  mils.  Only  the  fiber-reinforced  composites  are 
considered  in  the  present  study. 
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The  main  advantage  in  using  composites  is  derived  from 
their  superior  mechanical  properties  such  as  stiffness,  tough¬ 
ness,  yield  and  ultimate  strengths,  etc.  By  varying  the  volume 
fraction  of  the  inclusions,  their  geometry  and  shape,  and  the 
material  selection  for  the  matrix  and  inclusions,  one  could 
achieve  many  desired  combinations  of  the  mechanical  properties. 


1.1  Composite  Models 

To  utilize  a  composite  in  structural  applications,  one 
must  be  able  to  specify  its  mechanical  properties.  For  this 
purpose,  the  heterogeneous  composite  is  idealized  as  a  homogen¬ 
eous  anisotropic  material,  such  that  the  mechanical  properties 
of  the  idealized  homogeneous  anisotropic  material  are  equal  to 
some  "average"  properties  of  the  composite.  The  homogeneous 
anisotropic  material  is  termed  as  an  "effective  material"  (Rosen 
[1] )  for  the  composite.  The  idealization  of  the  composite,  by 
the  effective  material,,  is  justified  from  the  consideration  that 
the  lateral  dimensions  of  the  inclusions  (particles  or  fibers) 
are  extremely  small  when  compared  to  the  dimensions  of  the 
structure,  such  as  the  thickness  of  a  plate  made  of  the  compos¬ 
ite.  Thus,  by  definition,  the  response  of  a  structure  made  of 
the  effective  material  to  imposed  boundary  tractions  or  displace¬ 
ments  is  equal  to  the  average  response  of,  the  same  structure  made 
of  the  actual  composite. 
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Strictly  speaking,  the  constituents  in  a  composite  are 
randomly  distributed  in  any  given  domain.  Thus,  the  physical 
constants  of  the  material  are,  in  general,  random  space  func¬ 
tions.  Thus,  the  analysis  of  the  composite,  even  under  the 
simple  boundary  conditions  required  for  the  determination  of  the 
mechanical  constants  of  the  effective  material  presents  formid¬ 
able  difficulties.  Consequently,  the  composite  is  often  ideal¬ 
ized  by  a  model  consisting  of  a  matrix  in  which  the  inclusions 
of  a  specified  geometry  form  regular  arrays.  The  solution  of 
the  composite  required  for  the  determination  of  the  properties 
of  the  effective  material  is  then  obtained  by  analyzing  a 
"Representative  Volume  Element",  which  is  defined  by  a  repeating 
domain  of  the  idealized  composite  model.  Some  commonly  used 
idealizations  of  fiber-reinforced  composites  [2-10]  have  been: 
circular  fibers  forming  hexagonal  arrays  in  the  matrix;  circular 
fibers  forming  square  arrays;  circular  fibers  forming  rectangular 
arrays  in  the  matrix;  and  randomly  arranged  composite  cylinders. 
The  idealization  of  the  composite  by  one  of  these  models  is 
essential  for  the  description  of  both  the  elastic  as  well  as 
the  inelastic  behavior  of  the  effective  material. 


1.2  Analysis  of  Composite  Models 

To  determine  both  the  elastic  and  inelastic  behavior  of 
the  effective  material  by  an  analysis  of  an  idealized  composite 


r 


5 


model,  one  needs  to  introduce  several  ssumptions  in  order  to 
obtain  a  reasonably  simple  solution.  For  fibrous  composites 
these  assiamptions  include  the  following:  (1)  The  composite  is 
macroscopically  homogeneous  and  orthotropic,  (2)  The  fibers  are 
homogeneous  and  linearly  elastic,  (3)  The  matrix  is  homogeneous, 
linearly  elastic,  or  elastic-perfectly  plastic,  (4)  Fibers  and 
matrix  are  free  of  voids  and  cracks,  (5)  There  is  perfect  bond¬ 
ing  at  the  interface  of  the  constituents  and  there  is  no  trans¬ 
itional  region  between  them,  (6)  The  composite  is  free  of  initial 
stresses,  (7)  The  composites  can  be  idealized  by  simple  models 
such  as  hexagonal,  rectangular,  or  composite  cylinders,  and  the 
material  behavior  could  be  determined  completely  by  an  analysis 
of  a  representative  volume  element  of  the  idealized  composite 
model.  This  assijmption  implicitly  indicates  that  there  are  no 
end  effects.  End  effects  should  be  considered  for  points  in  the 
material  near  a  structural  boundary.  However,  in  the  absence  of 
the  end  effects  the  boundary  conditions  for  a  representative  vol- 
vime  element  are  completely  determined  from  the  requirements  of 
periodicity  of  the  idealized  composite,  and  from  the  generalized 
plane  strain  condition  in  the  transverse  plane  (plane  perpendicu¬ 
lar  to  the  direction  of  the  fibers) . 

A  complete  description  of  mechanical  behavior  (both 
elastic  and  inelastic) ,  requires  the  solution  of  the  represent¬ 
ative  volume  element  of  the  idealized  corposite  model  under  six 
"Composite  Stresses".  The  Composite  Stresses  may  be  defined  as 
those  stresses  acting  at  a  poiht  in  a  structure,  if  it  were  made 


of  the  effective  material.  By  the  definition  of  the  effective 


material,  composite  stresses  are  the  "average"  stresses  in  a 
representative  volume  element  of  a  composite  model.  If  we 
consider  a  hexagonal  composite  model  shown  in  Figure  1-1,  the 
representative  volxime  element  may  be  defined  by  OABC.  If  we 
consider  a  coordinate  system  x^,  x^,  x^,  such  that,  the  axes 
x^  and  x^  are  in  the  transverse  plane,  and  x^  is  in  the  direc¬ 
tion  of  the  fibers,  the  six  composite  stresses  may  be  represent¬ 
ed  as  T22f  "^23'  ^12'  ^13'  "^23*  composite  stresses 

"^22'  "^33  normal  stresses  in  the  directions  x^, 

x^,  and  x^,  respectively;  the  transverse  shear  stress  in 

XiX2-plane;  "^23  longtitudinal  shear  stresses  in 

Xj^x^-  and  X2X2-planes,  respectively.  In  analogy  with  the  compos¬ 
ite  strains  ^22'  ^33'  ^12'  ^13'  ^23  strains  at 

a  point  in  a  structure  made  of  the  effective  material.  Again, 
by  the  definition  of  the  effective  material the  composite  strains 
are  appropriate  volume  integrals  of  the  strains  in  the  represent¬ 
ative  volume  element  of  the  idealized  composite  model.  The  local 
stresses  and  strains  in  the  representative  volume  element  are 
called  the  microstresses  and  microstrains,  respectively. 


1.3  Elastic  Behavior 

< 

The  elastic  behavior  of  a  fiber-reinforced  composite  as 
an  orthotropic  and  macroscopically  homogeneous  material,  requires 
the  definition  of  nine  elastic  constants  (Green  and  Zerna  [11] ) 
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relating  the  composite  stresses  to  the  composite  strains 

e^j.  These  elastic  constants  may  be  selected  as;  three  Young's 
moduli  E^,  E^,  ^  ill  directions  X2/  x^;  three  shear  moduli 

^12'  ^13'  ^23  planes  x^X2/  1^21^3 »  ^2^3'  three  Poisson's 


ratios  v^2'  ''13'  '’23' 


Other  selection  of  the  elastic  constants 


may  be  the  tensorial  coefficients  in  the  stress-strain  rela- 

rs 

tion  T. .  =  E  .  For  an  orthotropic  material  only  nine  coef- 

ij  rs  rs  ^ 

ficients  of  are  independent  [11] . 

The  elastic  constants  of  the  composites  have  been  studied 
very  extensively  in  the  past  decade.  Most  of  these  studies  have 
been  aimed  at  the  prediction  of  some  or  all  of  the  elastic  con¬ 
stants,  on  the  basis  of  different  composite  idealizations.  Sev¬ 
eral  solution  methods  were  used.  For  instance,  Shaffer  [2]  using 
a  hexagonal  model,  Abolin'sh  [3]  and  Springer  [4]  by  using  a 
square  model  obtained  the  estimates  of  the  elastic  constants  by 
approximate  methods;  Hashin  et  al  [5]  using  a  cylinder  model, 
obtained  the  bounds  for  the  elastic  constants  by  variational  prin 
ciples;  Hill  [6]  and  Whitney  et  al.  [7]  estimated  the  elastic 
constants  by  self-consistent  cylindrical  models;  Bloom  et  al .  [8] 

using  a  hexagonal  model,  and  Adams  et  al.  [9,  10]  using  a  rec¬ 
tangular  model,  obtained  the  elastic  constants  by  exact  methods. 

A  review  of  these  and  other  methods  of  determination  of  the 
elastic  constants  has  been  made  by  Chamis  et  al .  [12].  Also, 

Hashin  [13]  made  a  historical  review  of  general  heterogeneous 
materials,  which  also  includes  some  references  to  the  fiber- 
reinforced  composites. 
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1.4  Plastic  Behavior 

The  theories  on  prediction  of  inelastic  properties  of 
composites  are  of  recent  origin.  When  fiber-reinforced  compos¬ 
ites  are  loaded  to  failure,  McDaniels  et  al.  [14]  stated  that 
there  exists  in  general,  four  stages  of  deformation: 

Stage  I  -  Elastic  deformation  of  fiber;  elastic 
deformation  of  matrix 

Stage  II  -  Elastic  deformation  of  fiber;  plastic 
deformation  of  matrix 

Stage  III  -  Plastic  deformation  of  fiber;  plastic 
deformation  of  matrix 

Stage  IV  -  Failure  of  the  composite. 

It  can  be  noted  that  the  deformation  of  the  composite  in  Stage 
I  is  completely  elastic,  and  can  be  determined  from  the  knowledge 
of  the  elastic  constants  of  the  composite  discussed  in  the  pre¬ 
vious  section.  The  boundary  between  Stages  I  and  II  corresponds 
to  initial  yielding  in  the  composite.  Studies  on  the  initial 
yield  of  the  composites  have  been  made  by  Lin,  et  al .  [15],  and 

Dvorak  et  al .  [16,  17].  The  former  study  considered  the  yielding 

of  a  composite  lamina  under  the  combined  influence  of  the  two 
normal  stresses  in  the  transverse  and  fiber  directions,  and  the 
latter  generalized  the  procedure  for  all  the  stress  combinations. 
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Dvorak  et  al.  [17]  also  described  a  procedure  for  determining 
the  generalized  initial  yield  surfaces  of  unidirectional  fiber- 
reinforced  composites  under  both  external  loads  and  uniform 
temperature  changes . 

The  deformation  of  the  composite  in  Stage  II  is  char¬ 
acterized  by  microplastic  flow  in  the  matrix  material  and  the 
generation  of  the  residual  stresses  in  the  composite.  In  order 
to  predict  realistically  the  macroscopic  behavior  of  the  compos¬ 
ite,  one  should  be  able  to  determine  the  nature  of  the  micro¬ 
scopic  residual  stresses.  The  macroscopic  behavior  includes  the 
definition  of  a  hardening  rule,  which  determines  the  loading  con¬ 
ditions,  and  of  a  flow  rule  which  determines  the  stress-strain 
response  of  the  composite. 

The  deformation  of  the  composite  in  Stage  III  is  similar 
to  that  in  Stage  II,  except  that,  in  this  stage  even  the  fiber 
undergoes  plastic  deformation.  However,  as  the  fibers  often  are 
made  of  high  strength  and/or  brittle  materials  such  as  boron, 
beryllium,  tungsten,  glass,  etc.,  this  stage  of  deformation  may 
not  be  significant  in  most  composites.  The  failure  (Stage  IV) 
follows  the  Stage  III  (if  it  was  present)  or  the  Stage  II. 

The  present  work  is  primarily  concerned  with  the  deforma¬ 
tion  of  fiber-reinforced  metal  matrix  composites  in  Stage  II  in 
the  "axisymmetric"  mode.  The  axisymmetric  mode  of  deformation  is 
a  special  case  of  general  deformation  pattern  that  can  occur  during 
the  plastic  flow,  and  is  caused  by  a  hydrostatic  transverse  com¬ 


posite  stress  (Tj^j^  =  T22)  / 


and  the  axial  composite  stress  (T^^). 
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The  composite  shear  stresses  vanish  (^2.2  ~  ~  *^23  “ 

this  mode  of  deformation  the  composite  is  idealized  as  a  compos¬ 
ite  cylinder  under  generalized  plane  strain,  loaded  by  a  radial 
stress  equal  to  the  uniform  transverse  stresses  =  ’^22^ 

the  outer  radial  boundary  and  by  an  axial  stress  •  Compar¬ 

ison  of  initial  yield  surfaces  for  the  composite  cylinders  obtain¬ 
ed  during  the  course  of  the  present  work,  with  those  obtained 
earlier  by  Dvorak  et  al.  [16]  for  hexagonal  models  (Figure  1-1), 
showed  that  the  composite  cylinder  idealization  is  very  satis¬ 
factory  for  the  axisymmetric  mode  of  deformation. 

On  the  basis  of  exploratory  studies  of  plastic  flow  in 
boron-aluminum  and  beryllium-aluminum  composite  cylinders  by 
the  finite  element  method  [20] ,  the  hardening  and  flow  rules 
were  formulated  for  fiber-reinforced  metal  matrix  composites 
with  elastic-perf ectly  plastic  matrices,  under  axisymmetric 
deformation  (T^^  =  ^^22'  "^33^  Chapters  II  and  III.  The  pro¬ 
posed  formulation  was  verified  by  the  finite  element  method 
under  several  loading  conditions. 

The  residual  stresses  developed  in  a  composite  due  to 
plastic  flow  in  the  matrix  do  have  an  influence  on  the  fatigue 

and  fracture  behavior.  Therefore,  an  approximate  solution  was 

.  > 

formulated  for  the  microstresses  during  plastic  deformation  in 
axisymmetric  mode  in  Chapter  IV. 

The  generation  of  microstresses  during  the  heat  treat¬ 
ment  of  the  composites  in  which  the  coefficients  of  thermal 
expansion  of  the  constituents  are  different  is  of  interest  in 
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fabrication  of  these  materials.  The  thermomechanical  analogy 
developed  earlier  [17]  for  uniform  temperature  changes  is  ex¬ 
tended  to  the  quenching  and  aging  problems  in  Chapter  V.  The 
linear  volume  changes  that  may  occur  due  to  the  metallurgical 
transformations  of  the  matrix  material  during  aging  are  also 
incorporated  into  the  thermomechanical  analogy .  By  using  the 
thermomechanical  analogy  and  the  plasticity  theories  described 
in  Chapters  III  and  IV,  microstresses  generated  during  heat- 
treatment  are  found  for  tungsten-aluminum  and  boron-alviminum 
composites  in  Chapter  V.  Heat  treatment  sequences  that  may 
possibly  improve  the  initial  yield,  fatigue  and  fracture  proper¬ 
ties  of  boron-aluminum  composites  are  also  suggested  in  the  same 
chapter . 

The  theoretical  foundations  of  the  present  study  have 
been  already  reported  elsewhere  [18,  19]  and  are  summarized  here 
for  completeness . 


CHAPTER  II 


THE  PLASTICITY  THEORY  OF  COMPOSITES 


2.1  Introduction 

This  chapter  Is  concerned  with  the  deformation  of 
unidirectional  composites  consisting  of  an  elastlc-perfectly 
plastic  matrix,  and  continuous  elastic  fibers.  The  existing 
plasticity  theories  for  such  composites,  have  evolved  from  the 
early  work  which  Identified  the  possible  failure  mechanisms 
(e.g.,  Stowell  and  Liu  [21],  Kelly  and  Davies  [22],  and  Cratchley 
[23])  -  Yielding  In  the  matrix  on  planes  parallel  to  the  fibers, 
both  In  the  longitudinal  and  transverse  directions,  and  brittle 
or  ductile  failure  of  the  fibers.  In  particular,  Drucker  [24], 
Hashln  [25],  Shu  and  Rosen  [26],  Mulhern,  et  al.  [27],  Prager  [28], 
and  Butler  and  Sullivan  [29].,  considered  Shear  deformation  of  the 
matrix  In  the  presence  of  rigid  fibers;  Mulhern,  et  al.  [30], 
later  relaxed  the  rigidity  assumption  and  permitted  elastic  strains 
In  the  fiber  direction;  while  Lance  and  Robinson  [31],  and  McLaugh¬ 
lin  and  Batterman  [32]  allowed  for  plastic  yielding  of  the  fibers, 
and  constructed  limit  surfaces  of  the  composites. 
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The  early  work  also  suggested  that  matrix  can  deform 
plastically  when  the  composite  Is  loaded  In  the  direction  of  the 
elastically  strained  fibers,  and  the  existence  of  a  hysteresis 
loop  in  cyclic  Ibadlng  was  demonstrated  both  experimentally  and 
by  simple  theoretical  .considerations  [21-2  2,  33]*  The  axial  and 

other  axisytametrlc  deformation  modes  in  unidirectional  composites 

»  ■ 

were  discussed  by  Hill  [3.^];  Mulhern,  et  al.  [35]  constructed 
an  exact  plasticity  solution  for  a  composite  cylinder  containing 
an  elastic  fiber,  under  cyclic  axial  loading;  and  Dvorak,  et  al. 
[16,  17]  showed  that  plastic  yielding  in  the  matrix  can  be  caused 
by  any  axisymmetrlc  stress  state,  e.g.,  by  a  hydrostatic  stress, 
or  by  a  small  uniform  thermal  change.  However,  a  continuum 
theory  allowing  for  such  deformation  modes  of  fibrous  composites 
remained  to  be  developed.  , 

The  axisymmetrlc  stress  states,  such  as  tension  in  the 
fiber  direction,  and  a  uniform  thermal  change  are  very  frequently 
applied  in  practice.  Although  in  the  presence  of  strong  elastic 
fibers  the  composite  can  not  fail  in  an  axisymmetrlc  manner,  the 
deformation  of  the  matrix  is  bound  to  affect  the  shear  strength 
of  the  composite.  For  example,  if  a  nonhardening  matrix  becomes 
completely  plastic  under  a  composite  tension  stress  in  the  fiber 
direction,  the  composite  shear  strength  may  decrease.  The  axi¬ 
symmetrlc  plastic  strains  can  also  generate  microstresses  in  both 
constituents  which  may  Influence  the  magnitudes  of  composite 
proportional  limits. 


14 


The  purpose  of  the  present  work  is  to  construct  a  plas¬ 
ticity  theory  which  accounts  for  these  and  other  aspects  of  the 
ax 1 symmetric  plastic  deformation  of  unidirectional  composites. 

a 


2,2  The  Loading  Surface 


The  unidirectional  fibrous  composite  Is  regarded  as  a 
transversely  Isotropic,  mascroscoplcally  homogeneous  solid  consist¬ 
ing  of  an  elastlc-perf ectly  plastic  matrix  of  the  Mlses  type,  and 
elastic  fibers.  A  perfect  bond  Is  assumed' to  exist  between  the 
constituents.  On  the  microscale,  the  fibers  are  circular  cylin¬ 
ders  arranged  In  such  a  way  that  their  axes  are  parallel,  however, 
they  can  have  different  diameters  and  they  can* be  randomly  distri¬ 
buted,  except  for  the  requirement  that  the  fiber  volume  fraction 
must  be  nearly  uniform  In  the  transverse  plane. 

In  the  formulation  of  the  yield  function,  we  shall  adopt 
the  assumption  about  the  existence  of  the  yield  function  and  plas¬ 
tic  po.tentlal.  No  restrictions  will  be  made  on  the  form  of  the 
yield  function  except  for  those  Implied  by  the  transverse  Isotropy 


of  the  material,  and  by  the  compatibility  of  both  elastic  and 
Inelastic  deformations’ of  the  constituents. 

Let  denote  a  Cartesian  system  of  coordinates  such  that 
the  axes  x^,  X2  are  In  transverse  plane  and  x^  Is  parallel  to  the 
fiber  direction.  The  stresses  applied  to  the  composite  In  the  x^ 
coordinate  system  are  denoted  at  ,  (1  =  1,  2,  3).  If  the 
composite  Is  Initially  free  of  Internal  stresses,  the  yield  func- 
tlon  must  be  Invariant  under  rotation  about  the  x^  axis,  and  under 
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the  transformations  =  -  x^.  The  appropriate  invariants  of 
the  stress  tensor  can  be  obtained  by  analogy  with  the  well- 

known  strain  invariants  (e.g..  Green  and  Zerna  [36]).  In  nota¬ 
tion  similar  to  that  used  by  Mulhern,  et  al.  [30], 


I  =  —  Ft  +T1  T  =  T  I  =  T  ^+T  ^ 

1  2  '-11  22^’  -^2  ^33*  3  13  23  ’ 


I4  2  ^"^ll  ^22^  ^  '^12 


^5  “  2  ^^11  .  ^22^^^13  "^23  ^  ^  '^12  "^23  *^31 


(2.1) 


Then,  the  yield  function  for  a  stress-free  composite  can  be 
written  as  [30] :  .  * 

f  =  f[I^,  I^,  I3,  I4,  I5]  (2.2) 

If  the  composite  is  regarded  as  a  homogeneous  solid,  the 
yield  function  f  defines  a  hypersurface  in  the  stress  space  which 
bounds  the  region  of  completely  reversible  elastic  deformation, 
l.e.,  it  represents  an  initial  yield  surface  of  the  composite. 
Recent  studies  of  the  properties  of  these  surfaces  by  Dvorak, 
et  al.  [16,  17],  have  revealed  that  the  microscopic  nonhomogeneity 
of  the  composite  has  a  profound  Influence  on  the  actual  form  of 
the  yield  function  f.  In  particular,  it  was  found  that  the  dis¬ 
tinction  between  the  yield  surfaces  for  composites  made  of  differ¬ 
ent  constituents,  or  with  different  fiber  volume  fractions,  is 
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reflected  primarily  In  the  dependence  of  f  on  the  Invariants 
and  12*  It  follows  that  the  composite  must  be  plastically 
extensible  In  the  fiber  direction,  and  compressible.  If  are 

the  composite  plastic  strains,  one  must  assume  that 

^  0,  dc^^  /  0  (2.3) 


These  assumptions  recognize  the  fact  that  a  part  of  the 
permanent  composite  strains  Is  caused  by  elastic,  but  not  complete¬ 
ly  reversible  strains  of  the  fiber.'  Inasmuch  as  the  plastic 
strain  Increments  neglected  In  all  ear¬ 

lier  continuum  models  of  fibrous  composites,  the  assumptions  2.3 
represents  a  departure  towards  a  more  realistic  plasticity  theory 
for  composite  materials.  The  plastic  dj.latatl®n  has  been  ana- ■ 
lyzed  so  far  only  for  particular  composites  under  Isotropic  stress; 
Chu  and  Hashln  [38]. 

Let  us  now  determine  the  functional  dependence  of  f  on  the 
Invariants  I^  and  I2.  Since  all  composite  stress  states  which 
depend  on  these  Invariants  must  be  symmetric  about  the  axis  of 


each  fiber,  It  is  possible  to  assume  that  the  local  microstress 
states  will  be  also  approximately  symmetric  about  the  fiber  axis, 


both  In  the  fiber,  and  In  the  Immediate  vicinity  of  the  fiber- 
matrix  interface.  Under  such  circumstances,  the  composite  micro¬ 
structure  can  be  modeled  as  a  system  of  right  circular  cylinders . 
which  consist  of  fibers  surrounded  by  uniform  layers  of  the  matrix 
material  [37].  If  the  fiber  volume  fraction  Is  nearly  uniform 
in  the  transverse  plane,  it  Is  sufficient  to  consider  a  single 


17 


composite  cylinder  of  external  diameter  a,  containing  a  cylin¬ 
drical  fiber  of  radius  R;  =  (R/a)^. 

The  previous  studies  of  Initial  yield  Surfaces  of  regular 
hexagonal  composite  arrays  [16,  17]  have  shown  that  yielding 
starts  most  frequently  In  the  matrix  at  the  fiber-matrix  Interface. 
During  the  course  of  the  present  work,  extensive  calculations 
have  been  made,  with  the  use  of  the  finite  element  method  [20],  to 
explore  the  plastic  deformation  and  unloading  of  composite  cylin¬ 
ders  subjected  to  axlsymmetrlc  composite  stresses  along  different 
loading  paths  In  the  I^l2-plane.  (The  details  of  these  calculations 
are  given  In  Chapter  HE.  The  results  of  these  calculations  have 
suggested  the  following  assumption: 

"If  the  composite  cylinder  Is  loaded  along  any  path  In 
the  I^I^-plane,  the  plastic  zone  In  the  matrix  Is  an 
annular  ring  adjoining  the  fiber-matrix  Interface". 

This  assumption.  If  not  always  true,  represents  a  fairly 
accurate  approximation.  Specifically,  If  the  plastic  zone  starts 
to  form  away  from  the  Interface,  It  s'preads  rapidly  towards  the 
fiber  and  reaches  the  Interface  within  a  very  short  segment  of  the 
loading  path.  This  assumption  suggests  that  both  the  onset  and 
the  termination  of  plastic  flow  In  the  matrix  are  restricted  to 
the  Interface.  Therefore,  the  loading  surface  of  the  composite 
refers  only  to  the  matrix  points  at  the  Interface,  which  are  with¬ 
in  a  homogeneous  stress  field  for  any  Instantaneous  combination 
of  the  composite  stress  Invariants  and  I2. 
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The  properties  of  the  composite  loading  surfaces  will 
now  be  explored.  Let  us  Introduce  cylindrical  coordinates  r,  <{), 

^  such  that  r  and  (|)  are  in  the  transverse  plane  of  the  cylin¬ 
der,  the  origin  is  at  the  axis  of  the  fiber,  and  x^  coincides 
with  the  fiber  direction.  The  cylinder  is  in  the  state  of  gener¬ 
alized  plane  strain  under  any  combination  of  the  composite  stress¬ 
es  and  The  local  microstresses  in  the  elastic  range 

can  be  determined  as  in  [16,  17],  Using  an  analogous  notation 
microstresses  in  the  elastic  range  for  the  present  case  can  be 
represented  as: 


^^rr  ‘^ <()(()  ^33^  ~  ^^1  ^2^ 


}  =  0 


(2.4) 


where  {  }  represents  a  column  matrix  (the  elements  may  be  listed 
horizontally  or  vertically^  and 


[A]  = 


All  A^2 


A21  A22 


A31  A^2 


(2.5) 


The  coefficients  A^^  are  evaluated  in  the  matrix  at  the  interface 
r  =  R,  and  depend  on  the  four  elastic  constants  of  the  constitu¬ 
ents,  and  on  the  fiber  volume  fraction.  These  can  be  derived  from 
the  closed  form  solution  for  the  microstresses  in  the  composite 
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cylinder  which  is  given  in  Chapter  IV, 

The  equation  of  initial  yield  surface  of  a  stress-free 
composite  cylinder  follows  from  the  Mises  yield  condition  and 
Equation  (2-4): 

12}^  [A]^  [c]  [A]  I2}  -  =  0  (2.6) 

where  superscript  T  represents  transpose,  Y  the  matrix  yield 
stress  in  simple  tension,  and 


Cc]  = 


1 

2 


(2.7) 


It  follows  that  the  axlsymmetric  section  of  the  initial  yield 
surface  represented  by  the  quadratic  form  in  Equation  (2.6),  is 
an  ellipse  in  I^l2-plane,  with  the  center  at  the  origin,  I^  =  ^2 
=  0. 

The  devlatoric  components  of  the  microstresses  in  Equa¬ 
tion  2.4  are: 


{S}  -  2  [c]  [A]  {I^  I2} 


(2.8) 


^^r(|)  ^c|)3 


So  that  Equation  2.6  can  be  written  as" 
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I  {S}*^  {S}  -  =  0 


(2.9) 


Since  =  0,  the  first  of  Equation  2.8  can  also  be  written  as 


S33)  =  [P]  {I^  I^} 


(2.10) 

or  In  two  other  analogous  forms  for  the  remaining  pairs  of  the 
principal  deviatorlc  stresses.  When  Equation  2.10  is  selected, 


CP]  =  ^ 


-1 


-1 


-1 


-1 


[A] 


(2.11) 


Assume  that  the  composite  cylinder  has  been  loaded  to  a 


certain  axlsymmetric  plastic  state,  L,  .such  that  and 


L  L 

I2  =  I2  j  the  deviatorlc  mlcrostresse’s  at  the  interface  are  {S  } , 


and  satisfy  Equation  2.9.  If  the  composite  is  now  unloaded  to  a 


point  1^  =  1^^,  I2  =  I2  ^  ^1  ~  ^1^*  ^2  ~  ^2^*  complete  elas 


tic  unloaded  were  to  take  place,  the  change  in  the  microstresses 
at  the  interface  will  be  elastic.  The  deviatorlc  components  of 


this  microstress  change  can  be  obtained  from  Equation  2.10,  by  re- 


lacing  (12^12^  (l2^-l2^))-  The  deviatorlc  stresses 


S  ^  and  at  the  unloading  point  lo^)  then  be  written 

(jxb  JJ  -L  £i 


U 


as 


s. 


33, 


}  =  833^}  -[P]  {(I^^-I^^)  (l2^  -  l2^)>(2.12) 


Equation  2.12  suggests  that  we  can  find  an.unloading  point 


=  a, ,  =  a_  such  that  S  .  . 

112  2  <p9 


U  =  S 


33 


u 


=  0.  In  such  a  situation 


the  values  of  and  a2  should  satisfy  the  following  relation, 


l2^)  -f“i  “si  = 


is. 


^3^ 


(2.13) 


It  can  be  verified  that  [P]  in  Equation  2.10  is  of  rank  2 
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and  Is  positive  definite  if  and  only  If  the  vectors  [P]  {0  1^} 
and  [P]  0}  are  not  coaxial.  That  is  generally  the  case  when 

the  elastic  constants  of  the  constituents  are  Independent.  Speci¬ 
fically,  from  Equations  2,5  and  2.11: 

5  |P|  =  (A3]^  -  +  A22  (Aj^-  +  A32  (A21:-  A^J^)  ?!  0 

(2.14) 

In  actual  metal  matrix  composites  consisting  of  a  stiffen  fiber  , 
and  a  low  modulus  matrix,  one  finds  that  and  A22  are  one  order 
of  magnitude  smaller  than  (A^^^  A^^),  and  the.  other  coefficients 

of  [A]  matrix  are  given  in  Equation  2.5  (explicit --values-.-of  the.-: 
■coefficients  of  [A]  matrix  are  given  in  Appendix  I  for  some  metal 
matrix  composites).  Therefore,  the  last  term  in  Equation  2.l4  is 
dominant;  [P]  is  a  nonsingular  matrix,  and  Equation  2,13  has  a 
unique  solution  for  and  a2.  A  notable  exception  is  found  in 
case  of  a  homogeneous  cylinder  where  A^^  =  A2^  =  A^2  -^31  ~ 

^12  ^22  so  that  [P]  =  0,  Equation  2.14,  and  the  solution 

of  Equation  2.13  do  not  exist. 

It  follows  from  Equation  2,13 

Cj})  (2.15) 

So  that  the  equation  of  the  section  of  the  loading  surface  in  the 
Ill2-Plane  is,  from  Equations  2.6  to  2.9,  2.13,  2.15: 
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f  =  [A]'^[c][A]  =  0 

(2.16) 

A  comparison  of  Equations  2.6  and  2.16  leads  to  the 
conluslon  that : 

"At  each  point  of  the  leading  path  In  1^12  composite 
stress  plane,  the  loading  surface  of  the  composite  cylinder  Is 
Identical  with  a  translated  Initial  yield  surface,  such  that  the 
center  of  the  loading  surface  Is  at  ~  ^2  ~  “2*” 

This  Indicates  the  existence  of  kinematic  hardening  of 
the  composite  cylinder  under  axlsymmetric  loading.  Accordingly 
the  required  form  of  the  loading  function  of  an  elastic- plastic 
fibrous  composite  with  a  nonhardening  matrix  Is 

f  =  fCli-ai  ,  l2~“2  ^5^  (2.17) 

2.3  The  Plasticity  Equations 

Let  us  now  write  the  equations  governing  the  plastic  flow 
In  the  f Iber-relnforced  composites  with  a  nonhardening  matrix. 

The  treatment  will  be  formal  In  the  sense  that  It  Is'  tentatively 
assumed  that  a  yield  function  exists,  and  the  normality  condition 
holds.  It  will  also  be  assumed  that  the  loading  surface  Is  always 
Identical  to  a  translated  yield  surface  at  any  stage  of  loading. 
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Yield  Condition: 

The  initial  yield  condition  is 

f  =  f(I^,  I23  13*  I5)  =  0  (2.18) 

The  subsequent  yield  condition  is 

f  =  f(I^  -  a^,  I2  -  02,  I3,  In,  I^)’  =  0  (2.19) 

« 

The  explicit  forms  of  Equations  2.l8  and  2.19  for 

=  0  are  respectively  given  by  Equations  2,6  and  2.16. 
The  general  form  of  these  equations  can  be  derived  from  analysis 
for  the  generalized  yield  surfaces  [17]- 

t 

Plastic  flow  occurs  in  the  composite  if 


df  = 


3f_ 

31, 


dl. 


3f 

31, 


dl. 


3f 

31. 


dl. 


3f 

ai, 


dl, 


3f 

31. 


dl^  >  0 


(2.20) 


The  translation  of  the  yield  surface  due  to  plastic  flow 
is  reflected  as  a  change  in  the  parameters  as  da^,  da2. 

The  determination  of  these  parameters  requires  the  specification 
of  a  hardening  rule  which  will  be  discussed  in  Chapter  III. 

Plastic  Strain-rate: 

It  is  assumed  that  the  plastic  .strain  Increments  de^j^ 
obey  the  normality  condition,  so  that 
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de.  =  6.x  -1^ —  for  f  =  0  and  df  >  0, 
and  (2.21) 

de^j^  =  0  for  f  £  0  and  df  <  0 

where  dX  In  a  scalar  constant. 

The  value  of  the  scalar  constant  can  be  estimated  from 
the  knowledge  of  plastic  strain  rate  when  .loaded  in  radial  dlrec 
tions.  However,  formulae  will  be  derived  to  determine  the  value 
of  dX  in  conjunction  with  the  hardening  rules  in  axlsymmetrlc 
deformation  in  Chapter  III. 


CHAPTER  III. 


THE  AXISYMMETRIC  PLASTICITY  THEORY 

3.1  Introduction 

In  Chapter  II  we  outlined  a  general  plasticity  theory  for 
the  fiber  reinforced  composites.  VJe  noted  that  there  exists  a 
kinematic  motion  of  the  loading  surface  .In  the  axlsymmetrlc  ^2.^2 
composite  stress  plane,  during  plastic  flow.  V/e  observed  further, 
that  if  the  microscopic  yielding  Is  localized  at  the  fiber-matrix 
Interface,  during  plastic  flow,  then  the  loading  surface  Is 
Identical  to  the  Initial  yield  surface  In  a  translated  position 
In  the  I^Ig-plane The  translation  of  the  loading  surface  Is 
associated  with  the  plastic  straining  of  the  matrix  and  the  conse¬ 
quent  generation  of  residual  stresses.  In  Appendix  II  It  Is 
proved  that  there  exists  an  Infinite  combination  of  residual  s.tress 
fields  and  the  associated  Initial  strain  fields,  such  that  the 
microstresses  generated  by  external  composite  stresses  combined 
with  the  existing  residual  stresses  satisfy  the  yield  condition  at 
both  the  micro-  and  macro-levels,  and  also  the  equilibrium 
requirements.  By  establishing  the  correspondence  between  micro¬ 
stress  Increments  generated  by  the  applied  composite  stress 
Increments,  we  shall  formulate  i;he  hardening  and  the  associated 

(25) 
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flow  rules  governing  the  kinematic  motion  of  the  loading  sur¬ 
face,  and  the  macrostrains,  respectively,  in  the  I^l2-plar^. 

By  doing  so,  we  determine  the  particular  combination  of  the 
residual  stress  field  and  the  associated  strain  field  out  of  the 
Infinite  possible  combinations,  such  that  they  are  consistent 
with  the  mlcroplastlc  flow. 


3.2  Micro-  and  Macro-Stress  Correspondence 

In  Chapter  II  we  observed  that  the  microstresses  satisfy 
the  yield  condition  given  by  Equation  2.9,  and  the  macrostresses 
satisfy  the  yield  condition  given  by  Equation  2.16.  It  should 
be  noted,  that  these  two  yield  conditions  are  identical,  except 
they  are  written  for  different  stress  systems.  Whereas  Equation 
2.9  refers  to  the  local  devlatorlc  stresses  at  the  fiber-matrix 
Interface,  Equation  2.l6  Is  an  analogous  form  In  which  the  local 
stresses  are  expressed  In  terms  of  the  composite  stress  state. 
Figure  3-1-  shows  schematically  the  Equation  2,9  and  2,l6.  The 
center  of  the  Mlses  Circle  (Equation  2.9)  in  the  devlatorlc  stress 
plane  always  corresponds  to  the  center  of  the  ellipse  (Equation 
2.16),  In  the  composite  stress  plane,  since  according  to  Equation 
2.12,  2.13,  and  2.15,  the  composite  stresses  a^,  can  cause 

only  Isotropic  stress  changes  at  the  Interface.  Similarly,  any 
loading  state  L  can  be  represented  by  a  vector  given  by  Equation 
2.12  from  the  center  of  each  loading  surface  (the  subsequent  yield 
surfaces.  Equations  2.9  and  2.16,  are  referred  to  as  the  loading 
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surfaces).  When  loading  continues  from  L  to  L’ ,  the  loading  path 
in  the  devlatorlc  plane  must  follow  the  Mlses  Circle,  because  of 
the  nonhardening  matrix. 

The  above  considerations  suggest  that  any  composite  stress 
increment  can  cause  the  following  stress  changes  in  the  matrix  at 
the  fiber-matrix  Interface  during  plastic  flow; 

(a)  A  hydrostatic  stress  increment  which  always  contri¬ 
butes  to  the  translation  of  the  loading  surface  In  the  composite 
stress  plane. 

(b)  A  neutral  stress  increment  which  causes  only  elastic 
strains  and  has  no  effect  on  the  motion  of  the  composite  loading 
surface. 

(c)  A  devlatorlc  stress  increment  which  causes  plastic 
strains  In  the  matrix,  and  thus  affects  the  motion  of  the  compos¬ 
ite  loading  surface. 

Each  of  these  stress  changes  can  be  associated  with  a 
component  of  the  composite  stress  increment  as  follows; 

Stress  Increment  (a)  -  the  hydrostatic  stress  change  (a) 

Is  caused  by 

{dl^  dl^}  =  {da^  da2}  (3.1) 

where  {da^  da2}  Is  the  translation  of  the  loading  surface  In 
composite  stress  plane.  The  corresponding  microstress  change  at 
the  interface  Is  of  the  form 
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^ 

^"^3""  ^^3/>  =  ° 


(3.2) 


Indeed,  the  composite  stress  change  of  Equation  3.I  does  not 
violate-  the  Equation  2.16,  and  the  microstress  change  of  Equation 
3.2  does  not  change  the  Equation  2.9. 

Stress  Increment  (b)  -  the  neutral  stress  change  (b)  Is 
caused  by  a  neutral  loading  (L  L’ •  In  Figure  3-1)  In  the  1^12“ 
plane,  given  by 


where  du'  Is  a  scalar  multiplier. 

Proof:  Let  us  prove  that  the  composite  stress  Increment  given 
by  Equation  3-3  causes  neutral  stress  change  locally. 

From  Equations  2.l6  and  2.8 


{dl^dy  =  dp'  ^ 


3  [A]"^  {S} 

(3.4) 


The  devlatorlc  stress  Increments  at  the  Interface  caused  by 
{dl^  dl2}  In  Equation  3.3  are  given  by  Equation  2.8  as: 


{dS}  =  4  dy’  [c]  [A] 


-8f/9I, 

3f/9I. 


(3.5) 


A  substitution  for  the  derivatives  from  Equation  3.^  leads  to 


{dS}  =  2y'  [c]  [d]  {S} 


(3.6) 


where 


[d]  =  0  d^  -d^ 

-di  0  d3 

d2  -d3  0 


(3.7) 


and  from  Equations  2.5  and  3*6 


di  -  ^^2^21  ^11^22 


^2  ^11^32  ^12^31 

d3  =  A22A3^  -  ^21^32 


(3.8) 


From  Equations  3-6  to  3.8 


{S}MdS}  =  0 


(3.9) 


which  proves,  in  connection  with  Equation  2.9,  that  the  neutral 
loading  given  by  Equation  3-3  causes  only  neutral  loading  in  the 
deviatorlc  stress  plane.  Conversely,  a  neutral  loading  in  the 
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devlatorlc  stress  plane  is  a  consequence  of  the  neutral  loading 
in  the  composite  stress  plane.  As  a  corollary,  it  follows  that 
plastic  deformation  is  caused  by  a  composite  stress  other  than 
given  by  Equation  3.3- 

Stress  Increment  (c )  -  the  stress  Increment  (c)  is  a 
neutral  stress  change  along  with  plastic  deformation  in  the 
matrix,  and  thus  affects  the  translation  of  the  loading  surface  in 
the  composite  stress  plane.  The  composite,  stress  increment  corre^ 
spending  to  this  stress  change  is  similar  to  (b)  and  is  given  by 


•  -Cdl^  dl^  =  dy” 


(3.10) 


where  dy**  is  a  scalar  constant.  The  micro^stresses  corresponding 
to  this  stress  Increment  are  neutral  in  nature,  and  purely  devia- 
torlc.  This  is  in  contrast  to  the  stress  Increment  (b)  caused  by 
composite  stresses  in  Equation  3.3j  where  the  microstresses  could 
have  a  hydrostatic  component.  The  deviator  component  of  micro¬ 
stress  change  (c)  at  the  Interface  can  be  expressed  in  analogy 
with  Equation  3-6  as 


{dS}  =  {do}  =  2  y' '  [c]  [d]  {S} 


(3.11) 
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3* 3  The  Hardening  Rules 

The  superposition  of  the  composite  stress  increments  given 
by  Equations  3*1,  3.3j  and  3-10,  corresponding  to  the  three  types 
of  stress  changes  at  the  interface  leads  to  the  following  equation. 

{-3f/9l2 
3f/9I^ 

where  dp  =  dp'  +  dp’’.  The  elementary  translation  of  the  loading 
surface  during  this  composite  stress  increment  is  due  to  the 

ft 

microstress  Increments  (a)  and  (c).  The  deviatorlc  rotation  (c) 
causes  the  loading  surface  to  travel  along  the  instantaneous 
tangent  to  the  loading  surface.  This  stress  Increment  can  be 
considered  as  a  consequence  of  two  composite  stress  Increments 
both  in  the  direction  of  the  instantaneous  tangent,  the  first  one 
causing  an  elastic  stress  change  rotating  the  stress  vector  in 
the  deviatorlc  plane,  and  the  second  one  which  is  equal  and  oppo¬ 
site  to  the  first  one  but  causing  an  isotropic  stress  change. 

The  first  of  the  above  does  not  change  the  position  of  the  loading 
surface,  and  the  second  causes  the  loading  surface  to  move  along 
the  tangent.  The  net  effects  of  this  process  are,  that  a  devia¬ 
torlc  neutral  microstress  Increment  is  "locked”  in  the  composite 
at  the  fiber  matrix  Interface  as  residual  stress,  and  the  loading 
surface  has  moved  along  the  tangent  with  the  loading  point  fixed 
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in  the  I^I^-plane.  Such  translation  of  the  loading  surface  is 
reflected  in  the  Equation  3.12  by  suitable  selection  of  the  multi 
plier  dy.  This  will  be  done  in  the  formulation  of  the  two  harden 
Ing  rules  that  will  follow. 

3.3.1  Hardening  Rule  I 

In  order  to  determine  the  value  of  dy  in  Equation  3-12, 
it  will  be  assumed  that  the  vector  {da^  dd2}  is  directed  always 
in  the  “radial  direction",  where  a  "radial  direction"  is  defined 
as  the  direction  in  the  I^l2-plane  passing  through  the  center  of 
the  Instantaneous  loading  surface  and  the  current  loading  point. 
This  suggests  that  the  tangential  component  of  the  composite 
stress  increment  is  always  elastic,  and  the  microstress  change 
(c)  is  absent  along  radial  paths.  * 

The  nature  of  the  stress  change  (c)  has  been  investigated 
in  the  course  of  the  finite  element  analysis  of  elasto-plastic 
composite  cylinders  by  the  ELAS65  program  [20].  Figure  3-2  shows 
the  results  for  a  boron-aluminum- composite  cylinder  which  has 
been  loaded  along  several  radial  paths  defined  by  I2  =  well 

into  plastic  range.  The  matrix  becomes  completely  plastic  in 
each  case.  The  details  of  the  loading  will  be  described  later 
in  this  chapter.  The  shaded  fans  in  Figure  3-2  represent  the 
range  of  directions  of  the  resultant  deviator  stress  vectors  at 
the  fiber-matrix  Interface  during  plastic  straining  of  the  compo¬ 
site  cylinders.  It  is  observed  that  radial  loading  in  the  compo¬ 
site  stress  space  causes  essentially  Isotropic  stress  increments 
at  the  interface  during  plastic  flow  of  the  matrix.  Therefore, 
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the  effect  of  stress  state  (c)  is  quite  limited  along  radial 
paths.  Similar  results  are  obtained  for  other  composites,  such 
as  beryllium-aluminum,  and  also  for  different  fiber  volume 
fractions,  but  are  not  presented  here. 

On  the  basis  of  the  above  observations,  a  simple  hardening 
rule,  which  will  be  referred  to  as  Hardening  Rule  I  henceforth, 
can  be  stated  as  follows: 

"A  load  Increment  along  an  arbitrary  path  in  axlsymmetrlc 
composite  plane  1^12  resolved  into  radial  and  tangential 

components.  The  radial  component  which  is  responsible  for  the 
translation  of  the  composite  loading  surface,  causes  an  isotropic 
stress  Increment  (a),  and  a  plastic  strain  increment  at  the  inter¬ 
face;  the  tangential  component  which  does  not  affect  the  position 
of  the  loading  surface  leads  to  neutral  loading  (b)  and  elastic 
Interface  strains." 

Thus  the  Hardening  Rule  I  can  be  obtained  from  the  Equation 
3.12  with  dy’’  as  zero  and  dy'  determined  from  the  assumption  of 
radial  translation  made  above.  The  Hardening  Rule  I  can  thus  be 
written  as 


(3.13) 


where  dy^  =  dy ’ ,  and  {da^  da2}  is  the  elementary  translation  of 
the  loading  surface. 

The  scalar  constant  dy^  can  be  found  from  the  require¬ 
ment  that  the  vector  {da-j^  da2}  is  in  the  radial  direction  (See 
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Figure  3-1.).  Specifically  the  vectors 

~  “l  ^^2^^  and 

{(II  -  -  dyj  3f/3l2)  (I2  -  “2 

must  be  coaxial,  l.e.,  their  cross-product  must  be  equal  to  zero 
Neglecting  the  second  order  terms  in  the  cross-product  and  slmpl 
fylng  we  obtain 

(1^  -  ot^)  dl^  -  (I2  -  ct^) 

"  (I^  -  a^)  3f73I^  +  (I2  -"a2)  3f/3l2 

Therefore,  the  translation  {da^  da2}  of  the  loading  surface  can 
be  found  for  each  given  load  increment  from  Equations  3.13  and 
3.14.  Note  that  dy^  =  0  for  any  radial  path  (I^  -  a^)/(l2  -  a2) 
=  dl^/dl2. 
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3.3*2  Hardening  Rule  II 

We  formulated  earlier  the  Hardening  Rule  I,  which 
neglected  the  devlatorlc  Increment  (c),  and  the  translation  of 
the  loading  surface  being  assumed  always  taking  place  in  the  radial 
direction.  The  considerations  led  us  to  a  simple  minded  hardening 
rule,  which  may  be  very  useful  in  the  formulation  of  a  not-r-too- 
complicated  plasticity  theory  of  composites  under  general  loading 
conditions.  In  the  present  section  we  shall  abolish  the  radlallty 
assumption  of  the  translation  of  the  loading  surface,- and  consider 
the  devlatorlc  stress  Increment  (c)  to  be  present,  to  formulate  a 
more  accurate  hardening  rule. 

The  Hardening  Rule  II  will  be  formally  stated  In  analogy 
to  Hardening  Rule  I  as  follows:  * 

V  * 

•"A  load  Increment  along  any  arbitrary  path  In  axlsymmetrlc 
composite  plane  1^12  resolved  into  translation  and  tangen¬ 

tial  components.  The  translation  component  which  is  responsible 
for  the  translation  of  the  composite  loading  surface,  causes  an 
Isotropic  stress  Increment  of  type  (a),  and  a  plastic  strain  . 
Increment  at  the  Interface;  the  tangential  component  which  does 
not  affect  the  position  of  the  loading  surface  leads  to  neutral 
loading  of  type  (b)  and  elastic  interface  strains,” 

It  should  be  noted  that  the  translation  component  is  a 
consequence  of  the  two  microstress  Increments  (a)  and  (c),  and 
the  tangential  component  Is  a  consequence  of  (b)  and  (c).  Thus 
the  Hardening  Rule  can  be  written  as 
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''  > 

-3f/3l2 
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da2 

>=  < 

dl2 

>  “  < 

> 

3f/3I^ 

^  > 

(3.15) 


where  Is  a  scalar  constant  and  {da^^  da2}  Is  the  elementary 

translation  of  the  loading  surface.  Equation  3.15  Is  formally 
similar  to  Equation  3-13  which  defines  Hardening  Rule  I.  However, 
the  vector  {da^  da2}  calculated  from  Equation  3*15  niay  no  longer 
In  the  radial  direction,  and  dy^  ¥■  dy^j.  Instead,  we  must  re¬ 
quire  that  each  elementary  composite  Increment  {dl^  dl2}  = 

{da^  da2}j  where  {da^  da2}  Is  defined  by  Equation  3.15,  causes 
only  Isotropic  stress  changes  at  the  Interface.  This  requirement 
follows  from  Equation  2.16,  which  suggests  that,  the  center  of  the 
current  loading  surface  Is  at  =  a^,  I2  =  the  composite 

stresses  and  causes  only  Isotropic  changes  at  the  Interface, 
for  any  loading  path  In  the  I^l2-plane. 

In  order  to  determine  the  scalar  multiplier  dy^j  It  will 
be  assumed  that  under  the  action  of  the , composite  stress  Increment 
{da^  da2},  not  only  the  Interface,  but  also  the  entire  matrix  will 
experience  an  Isotropic  change  only.  On  thfe  basis  of  this  assump¬ 
tion  and  stress  equilibrium  requirements  between  the  local  and 
composite  stresses  we  can  write  the  local  stress  Increments  In  the 
matrix  and  the  fiber  as  follows: 

In  the  matrix. 


{da 


rr 


da,.'^  =  da,'{l  1 

(p<P  33  1 


1} 


m 


(3.16) 
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In  the  fiber, 

{da^/  da^^^  *^^33^^  (3.17) 

f 

and  da^^  is  determined  from  the  equilibrium  requirement  in  the 
axial  direction 

da33^  Vf  +  da^^"^  (1  -  V^)  =  da2  (3-18) 

From  Equations  3.16  and  3.18, 

da33^  =  [-  (1  -  V^)  da^  +  da2]/V^  (3.19) 

The  existence  of  perfect  bond  between  the  constituents 
requires  that  the  local  displacement  increments  in  the  radial 
direction  be  equal,  so  that, 

du^^  =  du^^  ■  at  r  =  R  (3.20) 

In  view  of  the  radial  symmetry,  du^  =  rde^^,  and  the  local 
strains  at  the  Interface  are: 


The  second  relation  is  a  consequence  of  the  generalized 
plane  strain  in  the  axial  direction  of  the  composite  cylinder. 
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Since  the  fiber  remains  elastic,  one  can  find  from  Equa¬ 
tions  3.17  and  3.19: 

~  E|.  ~  ^  ^02) 

^  Vf  +  (1  -  ^)]  da^  +  i  do^) 

(3.22) 


The  matrix  strains  will  have  an  elastic  part  by  the  microstresses 
given  by  Equation  3.16,  and  a  plastic  part,  due  to  the  local  devia- 
torlc  stresses  at  the  loading  point  I2).  For  a  nonharden¬ 
ing  matrix  of  Mlses  type: 


de 


m 
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(3.23) 


where  is  the  bulk- modulus  of  the  matrix,  and  dx’^  is  a  scalar 
multiplier.  Prom  Equations  3.21  to  3.23 


{da^  da2}  =  dx"^  [P]~^ 

where 


(3.24) 


[F]  = 
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^11  E„  (1  -  ^  ))  -  , 

I  r  m 


^21  ~  E^  v^  +  1  -  ^  )  - 


m 


V, 


12 


E^  "'22  E^  Vf.» 


and  E^,  v^  are  the  elastic  constants  of  the  fiber. 

The  devlatorlc  stresses  in  the  matrix  at  the  loading  point 
{I^  I2}  can  be  found  from  the  Equation  2 . 15 , 

^33^  ~  ”.“1^  ^^2  ”  “2^^  (3.25) 

• 

when  [P]  Is  defined  by  Eqution  2.11,  and  a^,  012  are  the  coordin¬ 
ates  of  the  center  of  the  current  loading  surface  (Equation  2.l6) 
in  the  I^l2-plane.  The  unknown  parameters  and  dx”*  can  now  be 

found  from  Equations • 2 . I6 ,  3-15,  3.24,  and  3.25, 

{(dX"^  Ej  dy^j}  =  [R]"l  {dl^  dl2}  (3-26) 

where  Ej^j  the  Young’s  Modulus  of  the  matrix,  has  been  introduced  for 
dimensional  reasons. 

The  coefficients  of  the  matrix  [R]  are: 


^♦0 
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>  =  ^  [P]-1  [P]  . 

> 

’’si 

n 

Ij  -  c<2 

s. 

(3.27) 
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3f/3I. 


Selected  numerical  values  for  the  determination  of  these 
coefficients  are  listed  in  Appendix  III. 

The  components  da^,  da2  of  the  elementary  translation  of 
the  loading  surface  can  now  be  determined  by  using  the  Hardening 
Rule  II  given  by  Equation  3.15,  where  the  scalar  multiplier  dy^^ 
Is  found  from  Equation  3.26. 


3.^  The  Strains 

The  micromechanical  considerations  employed  In  the  previous 
sections  are  useful  Insofar  as  they  permit  a  fairly  accurate  exam¬ 
ination  of  the  essential  effects  of  the  mlcrononhomogenelty  of  the 
composite  on  its  macroscopic  deformation  behavior.  On  the  other 
hand,  the  formulation  of  macroscopic  constitutive'  relations  for 
the  composite  must  be  made  on  the  basis  of  macrohomogeneous ,  aniso¬ 
tropic  continuum  model  of  an  elastic-plastic  solid.  As  before,  the 
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emphasis  will  be  on  the  axlsymmetrlc  stress  states,  and  the  result¬ 
ing  deformation  modes.  The  composite  will  be  regarded  as  a  homo¬ 
geneous  solid,  loaded  In  the  I^l2-plane,  with  the  loading  surface 
given  by  Equation  2.l6,  which  may  be  controlled  by  either  Hardening 
Rule  I  (Equations  3-13  and  3-14),  or  the  Hardening  Rule  II  (Equa¬ 
tions  3.15  and  3-26).  The  load  surface  (Equation  2.16)  Is  an 
ellipse  In  I^l2-plane  with  Its  center  at  I^  =  a^,  =  a2-  The 

plastic  component  of  a  strain  increment.  If  it  exists,  must  coin¬ 
cide  with  the  outward  normal  to  the  loading  surface  [39j  40]. 

Let  and  ~  ^2  .the  total  composite  strains  in 

the  radial,  and  axial  directions,  respectively.  The  area  strain  In 

the  transverse  plane  which  Is  the  ratio  between  the  change  in  tranS' 

verse  area  to  the  original  area  Is  Et  =  2  e 

1  rr 

The  elastic  components  of  the  total  strains  and 
can  be  found  from  the  knowledge  of  the-  composite  compliances  (See 
Appendix  I)  as 

<11  <^2 

<21  <22 

where  and  £2^  are  elastic  components  of  the  total  strains 
and  £2,  respectively,  and  are  the  composite  compliances. 

The.' plastic  components  of  the  total  strains  and  £2  can 
be  obtained  by  Integrating  the  plastic  strain  Increments,  which 
can  be  written  by  using  the  normality  condition  [39]  as 
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de 


P 

2 


(3.29) 


where  dX  Is  a  scalar  multiplier,  and  f  is  the  loading  function 
given  by  Equation  2.l6. 

•  The  scalar  multiplier  dX  may  be  found  from  a  suitable 
estimate  of  the  plastic  strain  increments  under  loading  In  the 
radial  direction,  such  as  was,  for  instance,  by  Hill  [34].  Instead 
we  shall  derive  another  formula  for  dX  which  will  be  consistent 
with  the  formulation  of  the  hardening  rules. 

In  the  formulation  of  the  hardening  rules  In  the  earlier 
sections,  we  observed  that  there  exists  a  component  {da^  da2} 
of  the  applied  composite  stress  increment  (dl^  dl2}>  which  Is 
responsible  for  the  translation  of  the  loading  surface  In 
plane,  during  plastic  deformation.  This  component  was, In  the 
radial  direction  for  Hardening  Rule  I,  and  was  In  a  special  dir¬ 
ection  depending  upon  the  current  microstresses  at  the  fiber- 
matrix  Interface  for  Hardening  Rule  II.  Closer  observation  of 
these  rules  would  reveal  that,  the  only  component  of  the  composite 
stress  Increment  {dl^  dl2}  that  causes  plastic  deformation  Is 
{da^  da2}j  when  {da^  da2}  Is  determined  from  Equation  3*13  for 
Hardening  Rule  I  and  from  Equation  3*15  for  Hardening  Rule  II. 

The  other  component  which  Is  tangential  to  the  loading  surface 
at  the  loading  point,  causes  only  elastic  strains.  In  both 
hardening  rules  It  has  been  postulated  that  {da^  da2}  causes  only 
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isotropic  stress  change  in  the  matrix  at  the  fiber  matrix  interface. 
It  was  assumed  further  in  the  formulation  of  Hardening  Rule  II 
that,  not  only  the  Interface,  but  also  thfe  entire  matrix  experi¬ 
ences  only  isotropic  change  during  the  loading  {da^  da2}.  Noting 
that  Equation  3*22  is  equally  valid  with  {da^  da2}  found  from 
Hardening  Rule  I  (Equation  3.13) j  subject  to  the  same  assumptions, 
and  considering  the  generalized  plane  strain  in  the  fiber  direc¬ 
tion,  the  total  composite  strain  increment  dE2  the  axial  dir¬ 
ection  is  equal  to  the  strain  increment  de^^^;'  The  value  of 
can  be  found  from  Equation  3.22.  Thus 

de2  =  ^  (C-2  +  (1  -  da^  +  ^  dap  (3-30) 

The  plastic  component  of  the  total  strain  de2  can  be  ob¬ 
tained  by  subtracting  its  elastic  component.  Thus 

d£2  —  de2  “  ^*^21  ^  *^22  (3*31) 


where  and  <22  are  elastic . compliances  as  defined  in  Equation 
3.28. 

The  scalar  constant  dA  can  now  be  found  from  Equations  3.29, 
3.30,  and  3-31  as 


T  2v-  +  (1  -  V.)/V„ 

9f/3l2  E^;  '^21^  ^“1 


^E^  “  '^22^  ^“2^ 


(3.32) 


The  plastic  strain  Increments  can  now  be  obtained  from 
Equations  3.29  with  dA  determined  from  Equation  3.32.  The  plastic 
strains  at  any  loading  step  can  be  obtained  by  Integration  of  Equa¬ 
tion  3.29  along  the  loading  path  where  there  Is  plastic  flow  (See 
Equation  2.21).  The  total  strains  can  then  be  obtained  by  adding 
these  to  the  elastic  strains  obtained  from  Equation  3.28. 


3.5  Comparison  of  Approximate 
and  Exact  Solutions 

The  validity  of  the  hardening  and  flow  rules  proposed  In 
previous  chapters  will  now  be  verified  by  extensive  comparisons  of 
the  resul'ts  obtained  from  these  rules,  with  the. exact  plasticity 
solutions.  Three  loading  programs  are,  selected  for  the  purpose. 

The  first  In  proportional  loading  and  the  other  two  are  zig-zag 
paths  consisting  of  linear  segments  In  I^l2-plane.  Two  composites, 
a  boron-aluminum  composite  with  a  volume  fraction  of  0.3,  and  a 
beryllium-aluminum  composite  with  a  volume  fraction  of  0.5,  have 
been  used  In  the  analysis.  The  elastic  constants  of  these  com¬ 
posites  and  their  constituents  are  given  In  Appendix  I. 

3.5.1  Exact  solution 

The  exact  solution  for  each  loading  program  are  obtained  by 
using  ELAS65  computer  program  [20],  which  Is  based  on  the  finite 
element  method.  The  finite  element  mesh  for  the  composite  cylinder 
(Figure  5-3)  under  axlsymmetrlc  deformation  consists  of  a  layer  of 
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the  cylinder  with  unit  thickness  In  the  axial  direction,  which  has 
a  shape  of  a  10-degree  sector  of  the  transverse  circular  section. 

The  axlsynunetrlc  condition  Is  specified  by  prescribing  zero  normal 
displacements  on  the  radial  faces  of  the  sector,  and  the  general¬ 
ized  plane  strain  Is  specified  by  prescribing  uniform  displacements 
In  the  thickness  direction.  A  total  of  19  hexahedral  finite  ele¬ 
ments  are  used  to  cover  the  entire  domain,'  15  of  them  In  the  matrix. 
The  fiber  Is  considered  as  an  Isotropic  linear  elastic  material, 
and  the  matrix  as  an  Isotropic  elastic-plastic  nonhardening  material 
of  Mlses  type.  The  composite  stress'es  are  simulated  by  prescribing 
appropriate  nodal  forces.  Whenever  required  the  ELAS65  program  Is 
restarted  at  the  end  of  each  linear  segment  of  the  loading  programs 
to  change  the  loading  direction  In  the  I^I^-plane  by  changing  the 
nodal  forces  suitably.  The  error  In  the.  finite ‘element  solution 
[20]  Is  expected  to  be  less  than  7^.  The  loading  surfaces  are  con¬ 
structed  at  the  end  of  each  linear  segment  of  the  zig-zag  loading 
programs.  These  surfaces  are  constructed  by  considering  the  micro¬ 
stresses  present  at  any  loading  point  {1^12)  In  the  I^l2-plane  as 
residual  stresses;  constructing  the  yield  surface  corresponding  to 
these  residual  stresses;  translating  the  origin  of  the  coordinate 
system  of  the  above  to  procedure  of  detennlnlng 

the  yield  surfaces  with  residual  stresses  Is  outlined  in  Appendix 
IV. 

3.5-2  .  Approximate  solutions 

The  approximate  solutions  for  each  loading  program  are 
constructed  by  Integrating  the  hardening  and  flow  rules  numerically 
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by  piecewise  linearization.  The  center  of  the  loading  surface  and 
the  total  strains  are  found  at  each  step  of  the  loading.  The  load¬ 
ing  surface  at  the  step  Is  obtained  by  translating  the  stress  free 
initial  yield  surface  such  that  its  center  coincides  with  the 
center  determined  by  the  hardening  rules. 

3.5*3  Results  and  comparison 

The  three  loading  programs  selected  for  the  purpose  of 
checking  the  validity  of  the  proposed  plasticity  theory  with  exact 
finite  element  plasticity  solutions  are  as  follows: 

1)  proportional  loading 

This  loading  program  consists  of  loading  a  stress 
free  composite  along  a  proportional  path  defined  by  I2  =  31^ 
the  I^l2-plane.  The  values  of  3  selected  are  D,  1,  1.34,  2,  “ 
and  -1.  In  order  to  facilitate  comparison  of  the  representation 
of  the  results  obtained  along  various  paths,  a  parameter  t  is 
Introduced,  such  that  I^  =  p^t  and  I2  =  where  P2  “  3P]_ 

t  =  Y  at  initial  yield;  Y  is  the  tensile  yield  stress  of  the 
matrix,  and  is  selected  as  40,000  psl  in  all  calculations. 

11)  zig-zag  loading  I 

This  loading  program  consists  of  loading  a  stress  free 
composite  along  a  Zig-zag  path.  The  path  consists  of  8  linear 
continuous  segments  in  I^l2-plane  (Figure  3-4)  and  contains  a 
total  of  38  loading  steps.  The  corners  of  the  zig-zag  segments 
of  the  loading  are  at  loading  steps  2,  7,  6,  19,  22,  and  31.  In 
the  approximate  solution  each  of  the  above  steps  is  further 
subdivided  into  10  substeps  to  Increase  the  accuracy. 
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Hi)  zig-zag  loading  II 

Like  zig-zag  loading  I,  this  loading  program  also 
consists  of  loading  a  stress  free  composite  along  a  zig-zag  path, 
but  another  combination  of  the  8  linear  segments  (Figure  3-6). 
This  loading  program  contains  46  loading  steps.  The  corners  of 
the  zig-zag  linear  segments  are  at  loading  steps  3,  9,  19,  24, 

32,  38,  and  39-  As  before  each  step  is  further  subdivided  into 
10  substeps  in  the  approximate  solution. 

The  results  of  loading  along  a  proportional  path  I^  = 

31^  for  a  B-Rl  (V^  =  0.3)  are  shown  in  Figure  3-3.  The  micro- 
stresses  obtained  from  ELAS65  program  were  also  used  for  Figure 
3-2.  The  composite  is  loaded  well  into 'plastic  range.  Figure 
3-3  shows  the  composite  strains  for  all  values  of  B  except  1.34, 
and  2  in  comparison  with  the  theoretical  predictions.  It  is  ob¬ 
served  that  the  stress-strain  curves  obtained  from  Hardening  Rule 
I  and  the  associated  flow  rule  are  almost  identical  with  those 
found  by  the  finite  element  method.  Equally  good  agreement  was 
found  for  the  other  two  values  of  B.  These  comparisons  provide 
a  direct  verification  of  Equation  3.30  for  the  total  axial  compo¬ 
site  strain  £23  'the  flow-rule  derived  earlier.  The  stress- 

strain  curves  obtained  from  Hardening  Rule  II  and  the  associated 
flow  rule  are  almost  identical  to  those  obtained  from  Hardening 
Rule  I,  and  so  are  not  shown. 

The  results  obtained  here  will  also  be  used  in  the  deter¬ 
mination  of  plastic  dilatations,  later  in  this  chapter. 

A  stress  free  B-AZ  (V^  =  0.3)  composite  is  loaded  along 
the  zig-zag  loading  path  I.  The  location  of  the  loading  surface 
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and  the  total  composite  strains  are  obtained  by  using  both  the 
finite  element  method  and  the  proposed  theory.  The  results  are 
shown  In  Figures  3-4  and  3-5-  Figure  3-4  shows  the  loading  path, 
and  the  loading  surfaces  at  Steps  1,  7,  15 >  19,  22,  31  and  38, 
calculated  from  the  microstresses  obtained  from  the  finite  element 
method  as  well  as  the  theoretical  predictions  from  Hardening  Rule 
I.  The  Initial  yield  surface  at  Step  I  Is,  of  course,  common  to 
both  the  finite  element  and  theoretical  methods.  During  the  load¬ 
ing  process,  the  yield  surface  Is  translated  without  deformation, 
according  to  the  Hardening  Rule  I.  The  agreement  with  the  finite 
element  solution  Is  examined  by  finding  the  centers  of  the  yield 
surfaces,  both  from  Hardening  Rule  I,  and  from  the  finite  element 
solution.  In  the  later  case.  It  has  been  necessary  to  find  the 
centers  of  hypothetical  loading  surfaces  based,  on  the  mlcrostress- 
es  In  the  Interface  element,  rather  than  for  the  actual  overall 
loading  surfaces,  which  Include  some  times  parts  of  loading  sur¬ 
faces  of  matrix  points  away  from  the  Interface  and  are  not  entire¬ 
ly  regular. 

The  differences  between  actual  and  Interface  loading 
surfaces  are  found  to  be  negligible.  It  Is  readily  seen  that 
the  calculated  overall  loading  surfaces  are  almost  exact  replicas 
of  the  Initial  yield  surface.  In  agreement  with  Equation  2.16. 

The  centers  of  the  loading  surfaces  obtained  by  using  Hardening 
Rule  I  (Equation  3»13)  are  very  close  to  those  obtained  from 
the  finite  element  method,  but  there  Is  small  discrepancy  for 
certain  segments  of  the  loading  path.  On  the  contrary,  the 
centers  of  the  loading  surfaces  obtained  by  using  Hardening  Rule 
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II  (Equation  3-15) ,  ftave  coincided  (not  shown  on  the  figure) 
exactly  with  their  counterparts  obtained  by  the  finite  element 
method,  which  seem  t'o  indicate  that  the  Hardening  Rule  II  is 
more  accurate. 

Figure  3-5  shows  a  comparison  of  the  total  strains  calcu¬ 
lated  from  the  hardening  and  flow  rules,  and  from  the  finite 
element  method.  The  elastic  strains.  Equation  (I-l)  are  also 
plotted  for  each. point  of  the  loading  path.  Again,  the  strains 
calculated  from  the  rules  are  in  good  agreement  with  the  exact 
results.,  .  ■  • 

A  stress  free  Be-A£  (V^  =  0.5)  Is  loaded  along  the  zig¬ 
zag  loading  path  II.  The  location  of  the  loading  surface  and 
the  total  composite  strains  are  obtained  by  using  the  finite  ele¬ 
ment  method  as  well  as  the  proposed  theory.  The  results  are  shown 
in  Figures  3-6  and  3-7.  > 

Figure  3-6  shows  the  zig-zag  loading  path  II,  and  centers 
of  the  loading  surfaces  at  Steps  1,  3,  9,  19,  24,  32,  ,38,  and  H6, 
calculated  both  from  the  finite  element  method  and  the  Hardening 
Rules  I  and  II.  The  initial  yield  surfaiee.for  the  Be-Al  (V^  = 

0.5)  composite  is  very  large,  and  is  shown  in  a  separate  Figure 
4-1.  Figure  3-6  contains  only  a  part  of  the  initial  yield  sur¬ 
face,  to  Illustrate  the  extent  of  loading  along  the  described 
path.  The  kinematic  motion  of  the  loading  proceeded  again  by 
rigid  body  translation,  with  no  deformation  (negligible  in  the 
finite  element  solution),  since  the  onset  of  yielding  at  the 
fiber-matrix  Interface  has  been  predominant.  It  can  be  seen  that 
Hardening  Rule  II  gives  very  accurate  prediction  of  the  exact 
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method  based  on  the  finite  element  method.  On  the  contrary,  the 
centers  of  the  Idadlng  surfaces  predicted  by  Hardening  Rule  I 
deviate  significantly  from  the  exact  results,  at  some  segments 
of  the  path. 

The  accuracy  .of  the  flow  rules  associated  with  the  harden- 
Ing  rules  is  verified  by  a  comparison  of  the  predicted  total 
strains  with  those  obtained  by  the  finite  element  method,  and 
the  results  are  shown  in  Figure  3-7.  It  can  be  observed  from  this 
figure  the  total  strains  obtained  from  the  two  hardening  rules 
on  essentially  same,  and  are  very  close  to  the  finite  element 
solution. 


3.6  Plastic  Dilatation  • 

The  magnitude  of  macroscopic  plastic  dilatation  of  the 
B-Al  composite  has  been  evaluated  for  the  proportional  loading 
^2  ~  the  values  of  3  described  earlier,  and  also  for 

additional  values  of  the  same. 

The  hydrostatic  composite  stress  Increment  is 

=  2  dl^  +•  dl2  =  (2  +  3)  dl^.  (3.33) 

The  elastic  isotropic  strain  Increment  is 


de^®  +  de2^. 


(3.34) 
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Then,  from  Equations  3-33,  3-3^  and  (I-l) 

(3.35) 

The  elementary  plastic  dilatation  =  d  -  d  has 

been  found  both  by  using  the  flow  rule  associated  with  Hardening 
Rule  I  and  the  finite  element  method.  Figure  3-8  shows  the  ratios 
d  3-J^d  d  as  functions  of  the  angle  (})  = 

tan  ^6  (Note  that  (p  Is  not  the  angular  coordinate  here).  These 
ratios  are  approximately  constant  for  a  given  value  of  0,  since 
the  composite  stress-strain* curves  for  the  proportional  loading 
are  nearly  bilinear.  Figure  3-3-  Note  that  d  =  0  at  (J)  = 

0.597  ■n',  and  d  T^^^  =  0  at  (}>  =  0.647  t. 

It  Is  observed  that  the  plastic  dilatation  Is  of  the  same 
order  of  magnitude  as  the  elastic  dilatation  for  most  values  of  4). 


de 


kk 
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3.7  Discussion 

The  results  of  the  previous  sections  Indicate  that  the 
Hardening  and  the  associated  Flow  Rules  proposed,  provide  a 
respectable  approximation  of  the  exact  hardening  and  flow  behav¬ 
ior  of  the  fibrous  composites.  The  rules  are  simple  enough, 
that  they  can  be  used  with  simple,  computer  programs  to  perform 
the  Integration  or  even  without  computer  assistance  for  simple 
loading  paths,  providing  that  the  necessary  material  constants 


52 


are  known.  Appendix  I  shows  a  summary  of  these  constants  for 
B-kZ  and  Be-kZ  composites. 

The  Hardening  Rule  I  Is  somewhat  similar  to  the  Ziegler’s 
modification  of  the  Prager's  kinematic  hardening  rule  [43,  44]. 

The  basic  difference  Is,  of  course,  that  the  present  rule  Is  not 
an  assumed  one;  Instead,  It  has  been  derived  from  the  constraints 
on  plastic  deformation  Imposed  by  the  nonhomogeneity  of  the  micro¬ 
structure  of  fibrous  composites  with  a  nonhardening  matrix.  It 
Is  not  beyond  the  realm  of  possibility  that  the  kinematic  harden¬ 
ing  In  macrohomogeneous  metals  has -a . similar  physical  basis. 

The  Hardening  Rule  II  represents  a  higher  order  approx¬ 
imation  than  the  Hardening  Rule  I.  As  a  consequence  the  results 
obtained  by  this  rule  are  very  close  (In  some  cases  exact)  to  the 
exact  finite  element  solution.  This  rule  glveg  a  very  accurate 
description  of  mlcroplastlc  flow  at  the  fiber  matrix  Interface  and 
Its  effect  on  the  macrobehavior. 

The  flow  rule  proposed  Is  based  to  some  extent  on  the 
"rule  of  mixtures"  for  the  stresses  In  the  axial  direction. 
However,  It  should  be  noted  that  the  equilibrium  of  stresses  by 
rule  of  mixtures  has  been  required  only  for  that  part  of  the 
component  (da^,  dag)  of  the  composite  stress  Increment  {dl^,  dl^}, 
which  has  been  responsible  for  the  plastic  deformation.  In  spite 
of  this  assumption,  the  total  strains  predicted  by  the  proposed 
theory  agree  with  the  exact  finite  element  solution.  Conversely, 
the  agreement  seems  to  prove  the  accuracy  of  the  assumption  made 
In  the  evaluation  of  (Equation  3.26)  and  dX  (Equation  3.32), 
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that  the  entire  matrix  experiences  Isotropic  stress  change  when 
loaded  along  a  path  defined  by  {da^  da2}. 


CHAPTER  IV. 


DETERMINATION  OP  MICROSTRESSES 


In  the  preceding  chapter  we  developed  a  continuum  theory 
for  elasto-plastlc  deformation  In  fibrous  composites  under  axl- 
symmetrlc  conditions.  We  observed  .that  the  theory  developed 
provides  a  satisfactory  approximation  of  the  macro-elasto-plastlc 
response.  In  the  present  chapter  we  shall  formulate  approximate 
evaluation  of  the  Internal  microstress  fields  in  the  composite 
during  the  elasto-plastlc  deformation  of  the  matrix,  under 
axlsymmetrlc  conditions. 


4.1  The  Model 

Consider  again  that  the  composite  is  represented  by  a 
right  circular  cylinder,  x^  is  both  the  fiber  and  cylinder  axis. 
The  cross  section  of  the  cylinder  Is  In  the  transverse  r<()  plane, 
consists  of  a  fiber  region  0  _<  r  _<  R,  and  a  matrix  region  R  £  r  _< 
a.  The  cylinder  Is  loaded  by  composite  stresses  in  I^I^-plane. 
Like  in  the  formulation  of  the  hardening  rules  In  the  earlier 
chapters.  It  will  be  assumed  that  the  plastic  zone.  If  it  exists. 


(54) 


55 

must  adjoin  the  fiber  matrix  Interface.  Therefore,  the  matrix 
can  be  divided  Into  plastic  region  R  £  r  £  c,  and  an  elastic 
region  c  £  r  £  a.  Figure  5-3 • 

4 . 2  The  Loading 

Consider  that  the  cylinder  has  been  loaded  along  a  general 
path  to  the  plastic  state  that  another  load  Incre¬ 

ment  {dl^,  dl^}  Is  applied.  According  to  Hardening  Rules  I  and  II 
(Chapter  III)  the  composite  stress  Increment  {dl^,  dl2}  has  two 
components  {da^  da2}  and  dy  {-3f/8l2  Sf/3I^},  where  dy  Is  a 

scalar  constant  depending  upon  the  hardening  rule  (dy^  or  dy^^) 
and  f  Is  the  loading  function  (Equation  2.l6).*  We  observed  In 
Chapter  III  that  the  first  component  Is  responsible  for  the 
elasto-plastlc  deformation  and  causes  Isotropic  stress  changes 
In  the  matrix  at  the  fiber-matrix  Interface,  while  the  second 
component  causes  pure  elastic  changes.  In  this  chapter  we  shall 
consider  the  components  {da^  da2}  and  dy  {-3f/3l2  3f/3I^}  of 
{dl^  dl2}  separately  and  formulate  the  microstress  solutions. 

At  this  point.  It  should  be  noted  that.  In  the  determina¬ 
tion  of  dy^^  (Equation  3-26)  and  dX  (Equation  3*32)  In  Chapter 
III,  we  assumed  that  {da^^,  da2}  causes  Isotropic  stress  changes 
not  only  at  the  fiber-matrix  Interface  but  also  In  the  entire 
matrix.  Based  on  this  assumption  we  can  construct  a  simple 
microstress  solution  (See  Appendix  V).  However,  In  this  solu¬ 
tion  only  Interface  yields  throughout  the  loading  and  the  rest 


56 


of  the  matrix  remain  elastic.  In  order  to  account  for  partial  or 
full  plasticity  In  the  matrix.  It  will  be  assumed  In  the  follow¬ 
ing  solution,  that  only  the  plstlc  region  In  the  matrix  adjoining 
the  Interface  experience  the  Isotropic  stress  change. 


4.3  Microstress  Evaluation 

Let  {dOj^  da2}j  determined  from  the  Hardening  Rule  I  or 
II,  be  the  component  of  the  applied  composite  stress  Increment 
{dl^  dl2}  causing  the  plastic  deformation,  and  da2  =  3  da^, 
where  3  Is  a  constant.  The  stress  and  displacement  fields  caused 
by  da^  and  da2  =  3  are: 

In  the  fiber  (0  <_  r  <  R), 

f  f 

da  =  da, ,  =  dp 

rr  (fx})  ^ 

(4.1) 

f 

da^^  =  d  +  2  dp.  ‘ 

d  u^^  =  ^  (1  +  v^)  (1-2  v^)  r  dp  -  Vj,  rde2  (4.2) 

In  the  matrix, 

da  =  da,  =  da__^^  =  dp  for  R<r<c  (4.3) 
rr  (jxp  33 


and 
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da,  -  dp}/[i  - 

r  c  r  a  a  c 


■'^'^4)(j)  “  ^~£r^  ■*■  2^  ^  2  '*’  2^  2  “  ~2^ 

r  c  -  r  a  a  c 


=  +  2  v„  [-  -3I  +  %]/[^  -  -4]  (4.4) 


2J/  L  2  2- 

a  a  c 


d  ^  (1  +  v  )(l  -  2  v  )  r  da.,  -  v  r  de_  + 

r  m  m  1  m  2 


(da,  -  dp)(l  +  V  )  2 

+  - - - ;p— p - —  [(1  -  2  v^)r  +  ^ 

(a^/c^  -  1)  ^  ^ 


(4.5) 


for  c  £  r  <_  a. 

In  these  equations,  de2  =  Is  the  axial  composite 

strain  increment,  dp  is  a  constant  which  is  not  necessarily  equal 
to  da^^,  and  E^,  v^,  E^,  are  the  elastic  constants  of  the  fiber 
and  matrix,  respectively. 

Equilibrium  in  x^  direction  requires  that 

2  2  2  2 

j,.  _oj_.  _T7-  .a-  f.c  -  R  mp,a  -  c  j_  me 

da2  -  pda^  -  dcf23  - 2 -  ^^33  - 2 -  ^*^33 

d.  Si 


(4.6) 


From  Equations  4.1,  4.3,  4.4,  and  4.6; 


[-(1-2  v^)R^/a^  +  (1  -  2  Vj^)c^/a^]  dp  +  [E^  R^/a^  + 

00  (^-7) 

+  E^(l-c/a  )]de2=  (6-2  v^)da^ 
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The  dilatation  caused  by  the  stress  increment  given  by 
Equation  4.3  in  the  plastic  part  of  the  matrix  must  be  uniform 
and  elastic.  If  =  ttx^  (c‘^  -  R^)  is  the  original  volume  of 
an  elementary  layer  of  thickness  the  dilatation  is: 

^  =  2  (^  -  (|)^  ^)/(l  -  (|)^  +  de2  (4.8) 

P 

and 


dV 

_ e.  = 

K 

p  m 


(4.9) 


where  is  the  bulk  modulus  of  the  matrix.  During  the  elastic 
dilatation:  , 


dc  =  d  u 


me 


dR  =  d  u 


r=c 


r=R 


(4.10) 


These  equations,  in  combination  with  Equations  4.2  and  4.5,  lead 
to  another  equation  relating  dp  and  d  to  d  a^.  The  later 
and  Equation  4.7  can  be  written  in  matrix  form 


dp/En, 

m 

ail  a^2 

-1 

r  ' 

°1 

< 

> 

de^ 

^■21  ^22 

°2 

(4.11) 


where 


59 


ail  =  -  (1  -  2  v^)  (R/a)^  +  (1  -  2  (c/a)^ 

ai2  =  (R/a)^  +  (1  -  (c/a)^) 

a2i  =  -2  (1  +  V  )  (1  +  (1  -  2  v^)  (c/a)2)  -  3  (1  -  2  v„) 

(1  -  (R/c)2)  (1  -  (c/a)2)  -  2  (1  +  v^)  (1  -  2  v^) 

(E^/E^)  (R/c)2  (1  -  (R/a)2)  (4.11a) 

a22  =  ((1  -  2  vj  -  (1  -  2  v^)  (R/c)^)  (1  -  (c/a)^) 

°1  “  ^  2  °2  '  •  (^.llb) 

Finally,  the  stresses  in  the  plastic  part  of  the  matrix 

must  satisfy  the  yield  condition.  If  u. are  the  stresses  In 

J 

the  matrix  before  the  appllcatidn  of  the  load  Increment,  the 
yield  condition  at  the  end  of  the  loading  step  Is 


(g  . 


Ik. 

3a- 


dtti) 


=  0 


r=c 


(4.12) 


where  g  is  the  Mlses  yield,  and  r  =  c  Is  the  position  of  the 
elastic-plastic  boundary.  Equations  4.11  and  4.12  can  be  used, 
together  with  Equation  4.4,  to  find  unknowns  dp,  de2>  and  c. 

The  procedure  which  readily  yields  Itself  to  a  numerical  solution 
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consists  In  the  selection  of  the  position  of  c  of  the  elastic 
plastic  boundary,  and  In  the  determination  of  the  corresponding 
load  Increment  da^.  Write 

gCCij’^)  =  g(r)  =  g(r-dr)  +  |^  dr  (4.13) 

Since  g(r-dr)  =  0  for  r  =  c,  a  substitution  of  Equation  4.13 
into  Equation  4.12  gives  after  rearrangement 


dc 


(4.14) 


Note  that  dc  In  Equation  4.l4  Is  different  from  that  in  Equations 
4.8  and  4.10. 

t 

If  the  elasto-plastlc  boundary  is  located  at  r  =  c  - 
dc  R  before  this  application  da^.  Equations  4.11  and  4.16  can 
be  used  to  find  the  Increments  dp,  de2»  and  da^,  corresponding 
to  dc.  The  substitution  of  these  results  In  Equations  4.1  to 
4.5  yields  the  local  stresses  and  displacements  corresponding 
to  the  component  da^  and  da2  =  3da  of  the  composite  stress  Incre¬ 
ments  dl^  and  dl2. 

In  the  formulation  so  far  we  assumed  that  the  constant 
6  =  da2/da^  exists.  In  cases  where  da^  =  0,  3  becomes  Infinity. 
However,  the  formulation  can  still  be  used  if  we  rewrite  the 
quantity  c^da^/E^  In  Equation  4.11  by  using  Equation  4.11b  as 


follows 
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(6-2  Vj^)dct^/Ej^  =  (da^  -  2  (4.15) 

The  effect  of  component  dii{-3f/3l2  9f/3I^}  of  {dl^  dl2}, 

where  dp  =  dy^  or  dy^^,  can  be  obtained  from  the  elastic  solution 
as 

^‘^'"rr  I^A]  {-3f/3l2  3f/8I^}  (4.16) 

where  [A]  must  be  evaluated  at  the  appropriate  radius  r  [e.g.. 
Equation  2.4].  The  multipliers  dy^,  or  dy^^,  which  were  found 
for  the  fiber  matrix  Interface  In  Chapter  III  are  now  assumed  to 
apply  to  the  entire  matrix  R  <  r  <  a.  Further  refinements, 
perhaps,  could  be  obtained  If  one  can  define  different  values 
for  dpj,  or  dy^^  In  the  elastic  and  plastic  zones  of  the  matrix. 

The  complete  solution  for  the  stress  Increments  In  the 
composite  can  now  be  found  by  superposition  of  solutions  given  by 
the  Equations  4.1,  4.3,  4.4  and  the  Equation  4.16,  provided  [A] 

Is  found  at  any  value  of  the  radius  r. 

A  computer  program  has  been  written  Integrate  numerically 
the  hardening  rules  (I  and  II)  and  the  microstress  solution,  and 
also  the  associated  flow  rules  by  piece-wise  linearization.  This 
program  can  evaluate  the  centers  of  the  loading  surface,  the  com¬ 
posite  strains,  and  the  microstresses  during  plastic  deformation 
of  the  composite  In  the  axlsymmetrlc  ^2^2  stress  plane. 

The  program  can  also  solve  the  thermal  and  aging  problems  which 
fall  In  the  same  axlsymmetrlc  deformation  mode,  the  details  of 


which  will  be  discussed  In  Chapter  V. 


4.4  Numerical  Results 

The  stress  evaluation  procedure  has  been  verified  by 
comparison  of  the  results  with  the  exact  finite  element  solution 
from  the  ELAS65  program.  The  composites  B-A£  (V^  =  0.3)  and  Be-A£ 
(V^  =  0.5)  have  been  used  along  with  the  three  loading  programs 
discussed  In  Chapter  III. 

Table  4-1  shows  the  comparison  for  the  case  of  the  B-AZ 
composite  loaded  along  the  zig-zag  path  I  In  Chapter  III  (Figure 
3-4).  The  microstresses  have  been  determined  from  ELAS65,  com- 
piiter-alded  numerical  integration  of  Hardening*  Rules  I  and  II 
coupled  with  the  microstress  evaluation  procedure,  and  also  by 
using  the  approximate  formula.  Equation  (V-1)  with  the  Hardening 
Rule  I. 

Table  4-2  shows  the  comparison  for  the  case  of  the  Be-A£ 
composite  loaded  along  the  zig-zag  path  II  in  Chapter  III  (Figure 
3-6).  The  microstresses  have  been  determined  from  ELAS65j  and 
the  numerical  Integration  of  Hardening  Rule  II  coupled  with  the 
microstress  evaluation  procedure. 

It  can  be  observed  from  Table  4-1  and  4-2  that  all  three 
approximate  methods  give  a  satisfactory  estimation  of  the  exact 
finite  element  solution,  both  at  r  =  R,  and  r.  =  a.  However,  the 
Hardening  Rule  II  gives  the  best  precision,  with  only  few  errors 
greater  than  3  percent  of  the  exact  value.  As  one  would  expect. 
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Table  4-1.  Microstresses  In  the  matrix  of  the  B-AZ  composite 
cylinder  (V„  =  0.3)  at  selected  points  of  the 
loading  path  of  Figure  3-4.  (Stresses  In  10^  psl). 


a.  At  the  fiber-matrix  Interface,  r  =  R. 


Loading 

Step 

2 

7 

15 

19 

22 

31 

35 

rr 

ELAS65 

-3.262 

105.'5'> 

208.1 

206.4 

-19.15 

-312.1 

-91.04 

H.R.I 

-2.001 

107.5 

206.5 

206.6 

-17.95 

-318.1 

-99.18 

H.R.II 

-2.810 

107.5 

207.3 

205.2 

-20.50 

-315.5 

-97.80 

Eqn.  (V-1) 

-3.160 

105.0 

206.6 

205.3 

-15.56 

-90.86 

Q 

-e- 

-©• 

ELAS65 

5.674 

90.88 

188.3 

191.1 

26.82 

-285.4 

-117.1 

H.R.I 

3.789 

86.41 

192.9 

196.6 • 

27.36 

-291.4 

-125.2 

H.R.II 

5.700 

93.50 

188.5 

190,1 

25.70 

-287.1 

-121.0 

Eqn.  (V-1) 

6.023 

90.55 

187.2 

189.7 

29.90 

-281.8 

-117.6 

'33 


ELAS65  40.45  136.1  162.0  I6I.5 
H.R.I  40.61  132.5  162.0  161.6 
H.R.II  40.60  138.7  160.8  159.3 
Eqn.  (V-1)  40. 58  136.0  I6O.6  159-8 


0  -265.9  -137.5 
-2.982  -269.9  -145.1 
-2.800  -267.5  -144.1 
1.090  -262.8  -136.6 


b.  At  the  cylinder  surface,  r  =a. 


Loading 


Step 

2 

7 

15 

19 

22 

31 

35 

rr 

ELAS65 

0 

100  • 

200 

200 

0 

-300 

-100 

H.R.I 

0 

100 

200 

200 

0 

-300 

-100 

H.R.II 

0 

100 

200 

0 

-300 

-100 

Eqn.  (V-1) 

0 

100 

200 

200 

0 

-300 

-100 

Table  4-1.  Continued 
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ELAS65 
H.R.I 
H.R.II 
Eqn.  (V-1) 

2.988 

1.874 

2.890 

2.943 

95.64 

92.71 

86.40 

95.38 

194.0 

190.5 

192.2 

193.7 

195.7 

192.3 

195.9 

195.0 

18.56 

16.13 

20.10 

14.65 

-290.5 

-277.4 

-281.9 

-291.1 

-110.0 
-  96.2 
-100.0 
-108.6 

^^33 

ELAS65 

41.39 

137.9 

158.0 

158.6 

-  1.513 

-257.4 

Bin 

H.R.I 

40.88 

135.9 

148.7 

148.1 

-11.73 

-247.1 

H.R.II 

41.32 

131.6 

156.7 

158.1 

-  1.719 

-251.1 

Eqn. (V-1.)  40.58 

136.0 

160.6 

159.8 

1.089 

-262.8 
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Table  4-2.  Microstresses  in  the  matrix  of  the  Be-AZ  composite 

cylinder  (V-  =  0.5)  at  selected  points  of  the  loading 
path  of  Figure  3-6.  (Stresses  in  10^  psl). 


Loading 

Step 

3 

9 

19 

24 

32 

3a 

40 

a  (r  = 
rr 

R) 

ELAS65 

-85.80 

-288.4 

-155.0 

-74.14 

208.0 

411.6 

-7.18 

H.R.II 

-85.80 

-286.3 

-154.5 

-74.10 

206.5 

409.0 

-6.15 

R) 

ELAS65 

-63.40 

-262.9 

-178.1 

-98.65 

181.3 

376.5 

18.03 

H.R.II 

-62.80 

-261.0 

-178.0 

-98.70 

180.0 

373.7 

19.61 

a33(r  = 

R) 

ELAS65 

-39.70 

-242.3 

-201.2 

-120.4 

161.9 

368.1 

39.14 

H.R.II 

-39.50 

-240,0 

-200,6 

-120.0 

160. 5 

365.0 

40.00 

a  (r  = 

a) 

t 

rr 

ELAS65 

-80 

-280 

-160 

-80 

200 

400 

0 

H.R.II 

-80 

-280 

-160  . 

-80 

200  . 

400 

0 

II 

•e- 

D 

a) 

ELAS65 

-67.30 

-267.0 

mam 

-94,40 

185.3 

379.7 

13.10 

H.R.II 

-67,60 

-92.29 

186.3 

397,9 

12.00 

a) 

.S65 

:.II 


-37.20  -236,4  -205.4  -125.3  155.8  356.2  44.20 
-35.39  -235.1  -204.4  -124.6  155.0-  354.1  44.39 
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the  larger  errors  are  usually  at  the  low  stre.ss  magnitudes. 


4.5  The  Completely  Plastic  State 

When  the  composite  Is  loaded  beyond  Initial  yield 
surface,  or  a  current  loading  surface,  the  plastic  zone  expands 
gradually  from  the  fiber  matrix  Interface  towards  the  external 
surface  of  the  cylinder  (cases  contrary  to  this  do  exist,  but 
will  not  be  considered  here).  The  stress  evaluation  methods 
discussed  earlier  can  be  used  to  determine  the  position  of  the 
elasto-plastlc  boundary  at  any  stage  of  loading  In  I^l2-plane. 

In  order  to  Illustrate  the  extent  of  the  plastic  zone  In  the 

t 

composites,  surfaces  corresponding  to  the  completely  plastic 
state  have  been  constructed  for  the  case  of  proportional  loading. 
Both  ELAS65  finite  element  solution,  and  the  approximate  stress 
determination  method  with  the  Hardening  Rule  II  have  been  used 
In  the  analysis.  The  results  are  shown  In  conjunction  with  the 
Initial  yield  surfaces  In  Figures  4-1  and  4-2,  for  the  Be-Al 
(V^  =  0.5)  and  B-kZ  (V^  =  0.3)  composites,  respectively.  As  one 
would  expect,  the  plastic  zone  spreads  most  rapidly  when  the 
loading  path  Is  not  directed  In  the  hydrostatic  stress  direction 
I^  =  I2-  The  matrix  becomes  completely  plastic  Immediately  after 
the  onset  of  yielding  If  the  loading  path  Is  In  the  second  and 
fourth  quadrants,  l2'^^l  ^  direction  adjacent  to  the 

stress  axes.  The  results  of  Figure  4-1  seem  to  suggest  that  the 
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vertex  of  the  complete  plasticity  surface  Is  obtained  on  a  path 
which  Intersects  the  initial  yield  surface  at  a  point  where 
3f/3l2  =  0.  However,  further  confirmation  Is  required  regarding 
this  phenomenon. 

Note  that  neither  the  initial  yield  surface  nor  the 
complete  plasticity  surface  can  be  regarded  as  failure  surfaces 
of  a  composite,  since  the  axisymmetric  failure  modes  are  limited 
by  the  strength  of  the  fiber.  However,  the  axisymmetric  deforma¬ 
tion  can  effect  the  shear  strength  of  a  composite.  Further  stu¬ 
dies  are  required  in  this  direction- 


4.6  Discussion 

» 

The  plasticity  solution  developed  in  this  chapter  for  a 
composite  cylinder  is  primarily  based-  on  two  assumptions.  First, 
yielding  always  starts  in  the  matrix  at  the  fiber-matrix  inter¬ 
face  and  proceeds  outwards  away  from  the  center  of  the  cylinder, 
and  the  second,  the  devlator  stress  rotations  in  the  devlatorlc 
stress  plane  during  plastic  flow  are  elastic  and  given  by  Equation 
3.5  for  the  Interface  and  similar  equations  for  other  points  in 
the  matrix  with  different  [A]  matrix,  the  rotational  constant  dy' 
being  same  for  all  the  points  in  the  matrix,  although  it  has  been 
determined  only  with  respect  to  Interface,  in  the  hardening  rules. 
The  first  assumption  is  fairly  accurate  one,  at  least,  along 
radials  paths  for  a  stress  free  composite  cylinder.  The  second 
assumption  leads  to  the  conclusion  that  the  stress  Increments  other 
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than  the  elastic  deviatorlc  rotations  are  purely  hydrostatic  and 
uniform  In  the  entire  plastic  region.  The  deviatorlc  rotations 
were  observed  to  be  a  consequence  of  only  the  constraint  of  the 
elastic  fiber  In  the  derlvatlonof  the  Hardening  Rule  II  in  Chap¬ 
ter  III,  the  elastic  regions  In  the  matrix  were  Implicitly  assumed 
to  offer  no  constraint  to  cause  any  deviatorlc  rotations.  Al¬ 
though,  no  direct  verification  of  these  assumptions  could  be  made, 
a  hollow  cylinder  under  Internal  pressure  has  been  solved  making 
similar  assumptions  In  Appendix  VI  by  using  Tresca’s  yield  condi¬ 
tion.  This  problem  was  originally  solved  by  Hill  [4l,  45].  It 
can  be  seen  that  the  equations  for  the  Inplane  stresses  In  both 
solutions  are  Identical,  and  the  stress  is  slightly  different 
in  the  plastic  region. 


CHAPTER  V. 

THERMOPLASTIC  DEFORMATION  AND  RESIDUAL 
’  'MICROSTRESSES  IN  HEAT-TREATED 
COMPOSITES 

5.1  Introduction 

The  manufacturing  process  of  fiber-reinforced  metal  matrix 
composites  often  involves  heat  treatment  which  provides  desirable 
mechanical  properties  of  the  matrix  material  ar\d  of  the  inter- 
facial  bond  with  the  fiber.  Similarly,  a  composite  can  be  exposed 
to  temperature  cycles  in  structural  applications.  As  a  result  of 
differential  thermal  expansion  of  the  constituents,  only  temper- 
3-ture  change  leads  to  the  development  of  microscopic  strain  and 
stress  fields  in  the  composite.  It  was  found  in  earlier  studies 
[l6,  173 j  that  only  moderate  temperature  changes  are  needed  to 
cause  yielding  in  most  metal  matrix  composite  systems.  Accord¬ 
ingly  ,  thermoplastic  strains  and  the  attendant  residual  stresses 
exist  in  many  composites  which  have  been  subjected  to  large  ther¬ 
mal  changes. 

The  residual  stresses  in  superposition  with  the  micro¬ 
stresses  caused  by  external  loads,  form -a  part  of  the  total 

(69) 
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internal  stress  field  in  the  composite.  Their  determination  is  of 
interest  for  two  principal  reasons.  First,  the  residual  micro- 
stresses  can  affect  the  onset  of  yielding  in  the  matrix  and, 
therefore,  influence  the  macroscopic  mechanical  properties  of  the 
composite.  Second,  they  can  have  an  affect  on  the  nucleatlon  and 
growth  of  imperfections  in  the  composite  microstructure  both  dur¬ 
ing  heat  treatment  and  subsequent  loading.  Specifically,  the 
presence  of  residual  microstresses  in  the  matrix  can  significantly 
reduce  the  fatigue  strength  of  the  composite  by  promoting  fatigue 
failure  of  the  matrix.  Related  studies  on  this  problem  had  been 
done  by  Hoffman  [52,  53]  and  Pedon  et  al.  [5^],  who  estimated  the 
residual  stress  states  in  copper-^tungsten  composites  due  to  tem¬ 
perature  changes  by  approximate  techniques. 

In  this  chapter  a  thermo-rmechanlcal  analogy  will  be 
formulated,  which  will  permit  the  plasticity  theories  developed 
in  the  earlier  chapters,  be  utilized  in  the  solution  of  thermo¬ 
plastic  problems.  The  proposed  hardening  rules  will  be  extended 
for  cases  where  the.  matrix  yield  stress  is  a  function  of  temper¬ 
ature. 

The  theories  developed  will  be  used  in  the  prediction  of 
the  Internal  microstresses  in  fibrous  metal  matrix  composites 
caused  by  heat  treatment  during  the  fabrication  process.  The 
theory  will  be  verified  by  a  comparison  of  the  predicted  and 
the  available  experimental  data. 
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5.2  The  Thermo-Mechanical  Analogy 

When  composites  are  subjected  to  the  differential  volume 
changes  In  the  constituents.  Internal  residual  microstresses  are 
developed.  The  volume  changes  may  be  due  to  uniform  temperature 
change  of  the  entire  composite,  and  due  to  the  linear  dimensional 
changes  occurring  during  the  aging  of  certain  alloys,  because  of 
the  metallurgical  transformations,  '  In  this  section  we  will  devel¬ 
op  a  procedure  which  relates  the  residual  microstresses  due  to  the 
volume  changes,  to  the  microstresses  developed  In  the  composite 
due  to  axlsymmetrlc  composite  loading. 

Consider  a  composite  the  temperature  of  which  has  been- 
changed  from  9^  to  0,  Let  (AL/D^^^  and  (AL/L)^  be  the  linear 
dimensional  changes  due  to  metallurgical  transformations  In  the 
matrix  and  the  fiber,  respectively.  Then  the  total  linear 
dimensional  changes  during  this  time  'are 

Kf  =  a^(e  -  9q)  +  (AL/L)^ 

(5.1) 

5in  ' 

where  and  are  total  linear  dimensional  changes,  and  a^.  and 
are  coefficients  of  the  thermal  expansion  of  the  fiber  and 


matrix,  respectively. 
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Now  consider  the  composite  the  constituents  of  which  are 
subjected  to  the  total  linear  dimensional  changes  and  and 
also  a  composite  stress  system  =  I2  =  S  in  the  axisyiranetric 
composite  plane.  We  notice  that  a  microstress  response 
given  by 


,  f  f 

icr  a  .  . 

rr  (p(t) 

f , 

"^33  ^ 

=  S 

{1 

1 

1} 

^^rr  4><}> 

33  ^ 

=  S 

{1 

1 

1} 

in  the  fiber  and  the  matrix,  respectively  (the  shear  stresses 
being  zero),  form  an  exact  solution  of  the  problem  under  consid¬ 
eration,  if  we  select  S  such  that  there  is  uniform  total  micro- 
strain  field  in  the  entire  composite.  _That  is. 


f  f_  f_  in_  ,m_  m 

^rr  "  ^33  ^rr  ^(P(P  ~  ^33 


(5.3) 


where  e . .  are  the  total  strains  and  the  superscripts  f  and  m 
refers  to  fiber  and  matrix  respectively. 

The  total  strains  in  the  fiber  and  matrix  due  to  the 
linear  dimensional  changes  and  in  Equation  5.1,  and  the 
microstresses  in  Equation  5*2  are  as  follows: 


^rr^  "  ^cp/  "  ^33^  ^f  3K^ 

^rr  “  ^(p(p  ^33  ^m 


(5.4) 
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where  and  are  bulk  moduli  of  the  fiber  and  the  matrix, 
respectively. 

From  Equations  5,3  and  5.4 


S  =  3 


_ I  m 


(1/Kjjj)  -  (1/K^) 


(5.5) 


Thus,  if  we  subject  the  composite  to  the  total  linear  dimensional 
changes  in  Equation  5-1  and  the  composite  stresses  ~  ^2  ~  ^  * 
where  S  is  given  by  Equation  5*5}  then  we  obtain  the  microstresses 
and  microstralns  given  by  Equation  5-2  and  5.3.  We  observe  that, 
no  yielding  occurs  in  the  composite  because  of  the  isotropic 
nature  of  the  microstresses  in  Equation  •  5 .2 .  It  should  be  noted 

that  this  Is  an  exact  solution  as  we  satisfied  both  the  equili¬ 
brium  and  compatibility  requirements.  , 

In  order  to  obtain  the  solution  for  the  microstresses  In 
a  composite  subjected  only  to  the  linear  dimensional  changes 
and  in  Equation  5-1,  we  can  solve  the  composite  under  the 
action  of  I^  =  I^  =  -S,  when  S  Is  given  by  Equation  5.5,  by  the 

plasticity  theory  developed  In  Chapters  III  and  IV,  and  superim¬ 

pose  the  microstresses  obtained  on  the  stress  field  in  Equation 
5.2.  This  procedure  Is  Illustrated  in  Figure  5-1.  The  composite 
strains  can  be  obtained  from  the  flow  rule  for  the  composite 
stress  state  I^  =  I^  =  -S  and  adding  them  to  the  uniform  strains 
In  Equation  5.4.  Care  should  be  taken  to  add  twice  the  uniform 
strain  In  Equation  5*4  to  the  area  strain  In  the  transverse 
plane. 
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It  can  be  noted  that  the  analogy  developed  here  Is  similar 
to  that  developed  In  [17]  and  also  to  the  formulation  for  residual 
stresses  In  Appendix  II,  except  the  second  part  of  the  solution  Is 
elasto-plastlc  In  the  present  case. 

The  analogy  developed  here  can  be  easily  incorporated  In 
the  numerical  integration  procedure  for  the  microstresses  formu¬ 
lated  In  Chapter  IV. 


5.3  Solution  Procedures 

The  results  obtained  In  this  chapter  are  obtained  by  any 
one  of  the  two  methods.  The  first  is  the  finite  element  method 
[20],  which  has  been  realized  by  means  of  the  ELAS65  computer 
program  for  the  solution  of  equilibrium  thermoplasticity  prob¬ 
lems  In  solids  and  structures.  Two  types  of  models  have  been 
used  to  represent  a  composite,  in  conjunction  with  the  finite  ele¬ 
ment  method.  The  first  model  consists  of  a  composite  In  which  the 
fibers  form  hexagonal  arrays  as  shown  in  Figure  1-1.  A  represent¬ 
ative  volume  element  In  Figure  5-2  has  been  considered  In  the 
analysis.  The  representative  volume  element  is  divided  Into  33 
finite  elements.  Under  uniform  temperature  changes  in  the  com¬ 
posite,  the  hexagonally  symmetric  deformation  Is  prescribed  by 
specifying  zero  normal  displacements  on  faces  OB  and  OC  (Figure 
5-2),  uniform  normal  displacement  over  the  fac.e  BC,  and  general¬ 
ized  plane  strain  in  the  thickness  direction.  The  second  model 
consists  of  a  composite  cylinder  as  shown  In  Figure  5-3. 
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The  finite  element  description  of  this  model  is  identical  to 
that  used  in  the  verification  of  the  proposed  plasticity  theory 
(See  3.5.1). 

The  second  method,  which  has  been  used  most  extensively 
in  this  chapter  in  the  microstress  solution  developed  in  Chapter 
IV,  along  with  the  hardening  and  flow  rules  developed  in  Chapter 
III.  In  order  to  account  for  the  variation  of  matrix  yield  stress 
with  temperature  the  hardening  rules  were  to  be  modified  as  shown 
in  Appendix  VII.  The  procedure  for  the  application  of  this  method 
is  Illustrated  in  Appendix  VIII  for  a  7075~T6M  A£“B  composite,  the 
required  details  being  shown  in  Figure  5-^.  The  governing  equa¬ 
tions  have  been  Integrated  numerically  by  using  a  computer  program. 

Both  the  finite  element  method  and  the  method  based  on 
the  proposed  plasticity  theory  permit  to  evaluate  the  local 
stresses  at  each  point  of  the  composite  cylinder,  also  the  com¬ 
posite  strains,  and  the  loading  surfaces,  at  each  loading  step. 

In  addition,  the  finite  element  method  gives  the  local  displace¬ 
ments  and  strains  also,  which  are  not  emphasized  in  this  chapter. 


5.^  Verification  of  Theoretical  Predictions 

In  order  to  Illustrate  the  accuracy  of  the  method  based 
on  the  proposed  plasticity  theory,  the  problem  of  determination 
of  the  microstresses  developed  during  the  heat  treatment  and  the 
stress-strain  curve  of  a  202^-T6  kt-V]  composite  has  been  consid¬ 
ered.  Calculations  have  been  made  to  simulate  the  experimental 
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work  by  Cheskls  and  Heckel  [^6],  These  experiments  appear  to 
be  the  sole  source  of  experimental  data  on  in-situ  stress  dis¬ 
tribution  in  a  metal  matrix  fibrous  composite. 

The  heat  treatment  process  of  2024-T6  A£-W  Involves  [46], 
quenching  from  the  solutions  using  temperature  of  920  deg,  F.  to 
room  temperature  of  70  deg.  P. ,  followed  by  aging  at  365  deg.  F., 
and  subsequent  cooling  to  70  deg.  F.  ,  The  matrix  yield  stress 
before  and  after  aging  as  shown  in  Figure  3~5  has  been  estimated 
on  the  basis  of  the  data  obtained  from  References  [47]  and  [48], 
Note  that  the  matrix  yield  stress  in  the  as-quenched  state  (W)  Is 
much  lower  than  In  the  T6  state.  During  the  heat  treatment  simu¬ 
lation  the  matrix  is  considered  as  elastic-perfectly plastic .  By 
using  the  computer-aided  numerical  integration  of  the  proposed 
plasticity  theory  and  also  the  ELAS65  program  with  both  the  cylin¬ 
drical  and  hexagonal  models,  the  microstresses  a  ,  a,,,  and 

rr  33  ^ 

the  equivalent  stress  0  at  each  point  in  the  composite  are  found 
during  the  heat  treatment  process.  The  elastic-plastic  boundary  c 
defined  in  Figure  5~3  has  also  been  monitored  in  the  former  pro¬ 
cedure.  Figure  5-5  shows  the  values  of  the  microstresses  in  the 
matrix  at  the  fiber-matrix  interface,  and  the  position  of  the 
elastic-plastic  boundary  c  as  a  function  of  temperature.  It  can 
be  observed  that  the  matrix  is  completely  plastic  during  most  of 
the  quenching  period,  and  only  partially  plastic  during  the  period 
of  reheating  to  the  aging  temperature.  In  view  of  the  speed  of 
the  quenchlr^g  process,  which  lasts  only  for  several  seconds,  one 
can  consider  the  deformation  as  invicld,  and  the  use  of  classical 
plasticity  theory  as  appropriate.  Some  creep  effects  could  occur 
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during  the  aging  period  which  Is  rather  long.  However,  the 
matrix  yield  stress  Increases  very  rapidly  during  the  Initial 
interval  of  the  aging  period.  Therefore,  the  duration  of  plastic 
straining  will  be  short  (or  even  be  absent),  and  the  time  depend¬ 
ent  deformation  components  can  be  neglected.  Further,  the  micro¬ 
stresses  generated  due  to  the  volume  changes  due  to  metallurg¬ 
ical  transformations  of  2024  At  alloy  during  aging  [48]  have  been 
found  to  be  Insignificant,  and  so,  are  not  considered  In  the 
present  case. 

Figure  5-6  distribution  of  the  residual  stresses  at  the 
end  of  heat  treatment  as  a  function  of  the  radius.  The  Invariant 
quantities,  a  the  equivalent  stress  and  the  hydrostatic  stress 
component  represented  by  the  dotted 

lines.  The  matrix  average  stresses  which  are  .the  volumetric 
averages  of  the  microstresses  are  also  presented  on  the  same 
figure , 

The  tensile  test  of  Cheskls  and  Heckel  [46]  Is  now  simu¬ 
lated  numerically  taking  Into  account  the  residual  microstresses 
obtained  during  the  heat  treatment  process.  In  order  to  account 
for  the  strain  hardening  In  •2024-T6  At,  this  part  of  the  numer¬ 
ical  simulation  Is  obtained  by  using  the  ELAS65  program  [20]. 

The  stress-strain  curves  for  the  tungsten  fiber  and  the  aluminum 
matrix  are  shown  In  Figure  5’-7  •  Although  .the  ELAS65  program  does 
not  handle  problems  Involving  residual  stresses  it  has  been 
modified  In  the  present  case  to  load  the  comppsite  with  residual 
stresses  to  125  ksi  in  the  axial  direction  and  to  unload.  The 
composite  stress-strain  curve,  the  fiber  stress  and  the  matrix 


average  stress  in. the  axial  direction  are  plotted  in  Figure  5-8. 
The  experimental  values  of  Cheskis  and  Heckel  are  also  presented. 
It  is  seen  that  the  agreement  between  the  experimental  and  pre¬ 
dicted  results  is  extremely  good.  In  spite  of  the  nonhardening 
matrix  assumption  for  the  results  at  =  0,  the  experimental 
and  the  predicted  values  of  the  average  stresses  are  very  close. 
This  provides  direct  verification  of  the  proposed  plasticity . the 
ory  by  the  experimental  results. 

In  order  to  Illustrate  the  motion  of  the  loading  surface 
during  a  tensile  test,  the  composit-e  is  loaded  to  100  ksl  and 
unloaded.  By  using  the  Hardening  Rule  II,  the  center  of  loading 
surface  is  obtained  during  the  entire  loading  sequence.  Figure 
5-9  shows  the  loading  surfaces  and  the  motion  of  their  centers. 

Figure  5-10  shows  the  coefficients  of  thermal  expansion 
of  the  composite  during  the  heat  treatment  process  predicted  by 
both  the  finite  element  method  and  the  Hardening  Rule  II.  The 
procedure  for  the  determination  of  the  coefficients  of  thermal 
expansion  in  the  latter  case  is  outlined  in  Appendix  IX. 

5.5  Thermal  Stresses  in 
6061  kt-B  Composites 

A  6061  A£-B  of  volume  fraction  O.3  has  been  considered. 
The  variation  of  the  matrix  yield  stress  with  temperature  before 
and  after  aging  has  been  estimated  from  the  data  in  References 
[47]  and  [^18].  The  following  heat  treatments  of  this  composite 
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have  been  Investigated  by  using  the  proposed  plasticity  theory: 

(a)  Quenching  from  862  deg.  F.  to  70  deg.  P.,  followed 
by  aging  at  320  deg.  P. ,  and  cooling  to  70  deg.  P.  The  unit 
dimensional  changes  [48]  due  to  the  metallurgical  transformations 
during  aging  are  small  and  are  neglected.  The  matrix  stresses 

at  the  Interface  and  the  positions  of  the  plastic  zone  are  shown 
in  Figure  5-11;  the  stress  distribution  at  the  end  of  the  heat 
treatment  in  Figure  5-12.  It  is  seen  that  relatively  large 
stresses  are  present,  especially  at  the  fiber-matrix  Interface. 
Specifically,  both  the  equivalent  and  hydrostatic  stresses  have 
maxima  at  the  Interface,  The  residual  stress  distribution  would 
seem  to  favor  the  initiation  and  growth  of  imperfections  in  the 
Interface  region. 

(b)  Quenching  from  862  deg.  P._  to  -320  deg.  P,,  followed 
by  aging  and  cooling,  as  in  (a).  This  is  T6M  temper  which  was 
used  by  Hancock  [49]  to  Improve  the  properties  of  the  fiber-matrix 
Interface  bonds.  Figures  5-13  and  5-l4  show  the  stress  distribu¬ 
tions.  It  is  seen  that  the  final  stresses  are  comparable  to  those 
obtained  in  the  previous  case. 

(c)  The  T6M  treatment  described  in  (b),  followed  by  sub¬ 
sequent  quenching  to  -320  deg.  F.  and  reheating  to  70  deg.  F. 

(d)  The  T6M  treatment  followed  by  quenching  to  ^450  deg. 
F.  and  reheating  to  70  deg,  F, 

The  last  two  heat  treatments  have  been  designed  to  cause 
a  change  in  the  magnitude  and  the  distribution  of  the  room  temper¬ 
ature  residual  stresses  after  heat  treatment.  No  metallurgical 
effects  are  caused  by  the  cooling  cycles.  Figure  5-15  shows  the 
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equivalent  stress  d,  at  the  Interface,  and  the  position  of  the 
plastic  zone  during  the  thermal  load  sequence.  Figures  5-l6  and 
5-17  show  the  final  distribution  of  the  residual  stresses  In  the 
composite.  It  Is  observed  that  considerable  redistribution  of 
the  residual  stresses  takes  place,  especially  at  the  fiber-matrix 
Interface.  The  average  matrix  stresses  are  also  reduced.  The 
stress  redistribution  Is  obviously  very  favorable  since  all 
stresses  In  the  matrix  at  the  fiber-matrix  Interface  are  now  com¬ 
pressive,  and  the  magnitude  of  these  compressive  stresses  Increas¬ 
es  with  the  decrease  In  the  cooling  temperature.  The  positions 
of  the  plastic  zone  shown  In  Figure  5-15  Indicate  the  development 
of  the  additional  plastic  strains  In  the  matrix  during  the  cooling 
cycles.  The  final  residual  stresses  at  the  room  temperature  are 
caused  by  elastic  unloading  from  the  low  temperature  plastic 
state,  and  their  magnitude  Is  related-  both  to  the  extent  of  plas¬ 
tic  straining  during  cooling,  and  to  the  extent  of  the  unloading 
path.  These  two  factors,  of  course,  will  be  more  pronounced 
when  the  cooling  temperature  Is  lower’. 

Figure  5-18  shows  the  loading  surfaces  of  the  composite 
during  various  stages  of  the  heat  treatment.  The  Intercept  of 
the  yield  surface  with  the  I2  =  T^^  axis  Indicates  the  propor¬ 
tional  limit  of  the  composite  In  tension  In  the  fiber  direction. 

It  Is  observed  that  the  cooling  sequences  (c)  and  (d)  cause  an 
Increase  In  the  proportional  limit  of  the  6O6I-T6M  A£-B  composite 
In  tension  from  approximately  40  ksl  to  100  ksl.  This  figure 
also  Illustrates  the  kinematic  motion  of  the  loading  surface  In 
the  I^l2-plane  during  thermal  changes. 
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5-6  Thermal  Stresses  in  7075  M-'B  Composites 

The  Investigation  of  thermal  stresses  In  the  7075  Alum¬ 
inum  must  Include  the  effect  of  the  dimensional  changes  due  to 
metallurgical  transformations  during  aging.  The  dimensional 
changes  have  been  described  in  Reference  [48],  and  appear  to  be 
rather  significant  in  the  7075  aluminum.  This  was  not  the  case 
with  606l  Aluminum  considered  earlier,  where  such  effects  were 
negligible.  Figure  5-19  shows  the  unit  dimensional  change  AL/L, 
and  also  the  yield  stress  as  a  function  of  aging  time  at  250  deg. 

P.  The  aging  time  for  the  7075  A£-B  composites  considered  here  is 
25  hours.  The  matrix  yield  stress  variation  before  and  after  aging 
with  respect  to  temperature  has  been  estimated  from  the  data  in 
References  [47]  and  [48].  The  following  heat  treatment  sequences 
have  been  investigated  using  the  proposed  plasticity  theory: 

(a)  Quenching  from  862  deg.  F.  to  70  deg.  P.,  followed  by 
aging  at  250  deg.  F.  for  25  hours.  This  corresponds  to  T6  treat¬ 
ment.  The  microstresses  in  the  matrix  at  the  fiber-matrix  inter¬ 
face  during  the  T6  temper  are  shown  in  Figure  5-20.  The  reheating 
to  aging  temperature  did  not  cause  any  plastic  straining  but 
there  is  a  discontinuous  change  in  the  microstresses  at  the  aging 
temperature.  This  is  an  effect  of  the  dimensional  changes  at  the 
aging  temperature,  and  is  more  clearly  visible  in  Figure  5-21, 
where  the  matrix  and  fiber  microstresses  are  given  for  both  the 
actual  dimensional  change,  and  for  a  zero  dimensional  change. 
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(b)  Quenching  from  862  deg,  P,  to  -320  deg.  F,  and  aging 
and  cooling  as  In  (a).  This  corresponds  to  the  T6M  temper. 

This  case  has  been  selected  as  an  Illustrative  example  In  Append¬ 
ix  VIII.  The  microstresses  In  the  matrix  at  the  fiber-matrix 
Interface  during  the  T6M  treatment,  are  shown  In  Figure  5-22. 

Here,  there  exists  plastic  straining  during  the  period  of  reheat¬ 
ing  to  the  aging  temperature.  Figure  5-23  shows  the  stresses  In 
the  composite  at  the  end  of  T6r4  temper.  It  Is  seen  that  the  TbM 
temper  produces  considerably  smaller  microstresses  than  the  T6 
temper,  and  the  distribution  Is  entirely  different.  These  effects 
are  attributed  to  the  plastic  deformation  sequence  In  the  matrix 
during  the  heat  treatment. 

The  loading  surfaces  of  the  7075  Al-B  composite  at  various 
stages  of  the  heat  treatment  are  shown  in  Figure  5-24.  The  T6M 
treatment  gives  a  somewhat  higher  proportional  limit  than  treat¬ 
ment  In  simple  tension. 

It  has  been  observed  that  the  cooling  of  7075-T6M  A£-B  to 
-320  deg,  F,  or  -450  deg,  F.,  did  not'  affect  the  microstresses  as 
In  the  case  of  606I-T6M  kZ-B.  This  can  be  easily  observed  from 
Figure  5-22,  where  the  equivalent  stress  a  does  not  attain  the 
magnitude  of  the  yield  stresses  during  cooling  after  aging.  The 
same  Is  true  for  T6  temper  (See  Figure  5-20).  Therefore,  It  does 
not  appear  that  a  change  In  the  microstress  In  the  two  7075  kZ~B 
composites  can  be  achieved  by  a  heat  treatment  that  would  not 
affect  the  metallurgical  characteristics ,  Nor  does  it  seem  that 
such  treatment  Is  necessary,  since  both  the  microstresses,  and 
the  proportional  limit  of  the  7075-T6H  AZ~B  composite  are  quite 


favorable . 


83 


5*7  Thermal  Expansion  Coefficients 
for  B-A.£  Composites 

Since  the  composite  laminae  experiences  plastic  straining 
during  the  heat  treatment,  the  thermal  expansion  coefficients  vary 
between  the  elastic  and  plastic  states.  These  effects  should  be 
considered  in  problems  involving  heat  treatment  of  composite  lam¬ 
inates  and  other  structures.  The  thermal  expansion  coefficients 
of  B-At  composites  have  to  be  determined  by  the  proposed  plastic¬ 
ity  theory,  the  procedure  being  outlined  in  Appendix  IX. 

Figure  5-25  shows  the  variation  of  the  thermal  expansion 
coefficient  for  606l  Al-B  composites  during  th?  T6  and  T6M  tempers. 
The  coefficient  of  thermal  expansion  in  the  fiber  direction, 
is  about  equal  to  that  of  the  fiber,  ,  when  the  matrix  is  fully 
plastic  and  Increases  in  the  elastic  case.  Similarly,  the  coef¬ 
ficient  of  thermal  expansion  in  the  transverse  direction,  j 
is  nearly  equal  to  that  of  the  matrix,  for  a  completely  plastic 

matrix,  and  decreases  in  elastic  case. 

Figure  5-26  shows  similar  results  for  the  7075  Al-B 


composites . 
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5*8  The  Effect  of  Residual  Microstresses 
on  the  Fatigue  Limits  of  the  B-A£ 

Composites* 

The  microstresses  which  were  found  for  the  B-A£  composites 
In  Figures  5-12,  5-14,  5-16,  5-17,  5-21,  and  5-23  can  be  used  to 
evaluate,  at  least  tentatively,  the  fatigue  limits  (at  10^  cycles) 
of  the  composites  for  loading  In  the  fiber  direction,  and  the  ef¬ 
fect  of  the  various  heat  treatments  on  these  limits.  The  evalua¬ 
tion  procedure  Is  described  by  Dvorak  et  al.  [50].  In  principle, 
the  fatigue  limit  of  the  composite  can  be  derived  from  that  which 
has  been  experimentally  established  for  the  matrix  material,  on 
the  premise  that  the  matrix  or  fiber  stresses  during  the  cyclic 
loading  do  not  exceed  the  fatigue  limits  of  the  respective  mate¬ 
rials.  This  assumption  was  successfully  tested  on  a  number  of 
as-fabricated  606l  A£-B  composites,  and  other  composites  by  Dvorak 
et  al.  [50].  Also,  available  data  from  tests  on  heat  treated 
composites  were  examined  by  the  same  authors  and  showed  a  good 
agreement.  However,  the  number  of  test  results  available  were 
too  small  to  establish  a  definite  relationship  for  the  latter 
group.  Therefore,  the  following  results  should  be  regarded  as  a 
very  tentative  basis  of  a  possible  working  hypothesis,  but  at 
least  reflect  the  relative  effect  of  the  internal  microstresses 


*The  author  wishes  to  thank  Dr.  G.  J.  Dvorak  for  the  results  of 
this  section. 
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on  fatigue  strength  of  heat-treated  composites. 

Figure  5-27  shows  the  Goodman  diagram  for  the  6O6I-T6 
aluminum  alloy,  which  was  derived  experimentally  In  Reference 
[513 •  These  stress  magnitudes  were  considered  admissible  for  the 
stresses  In  the  matrix  If  the  fatigue  failure  of  the  matrix 
was  to  be  avoided.  Then,  the  average  matrix  stress  was  cal¬ 
culated  by  superposition  of  the  average  residual  stresses  In  the 
matrix  which  were  evaluated  In  this  work,  and  of  the  matrix 
stresses  caused  by  the  composite  load  applied  In  the  fiber  direc¬ 
tion.  The  latter  stresses  were  derived  from  the  rule  of  mixture 
equation.  The  resulting  curves  for  the  6O6I-T6M  Al-B ,  with  and 
without  subsequent  cooling  to  —450  deg.  F.,  are  shown  In  Figure 
5-27.  The  dashed  line  refers  to_  the  as-fabricated  606I-O  A-d-B 
composite,  assuming  that  both  the  fatigue  and  yield  strength  of  ’/ 
the  matrix  are  equal  to  12  ksl.  The  horizontal  portion  of  this 
line  was  verified  experimentally  for  several  606I  AZ—B  composites 
In  Reference  [51].  The  sloping  part  of  the  dashed  line  Indicates 
3-  limitation  caused  by  the  boron  fiber  fatigue  limit  which  was 
selected  as  300  ksl.  Such  limitation  does  not  affect  the  temper¬ 
ed  composites,  matrix  fatigue  failure  always  precedes  that  of 
the  fibers. 

Figure  5-28  shows  similar  results  for  the  7075  A^-B 
composites. 

It  Is  observed  that  the  reduction  of  the  residual  stress¬ 
es  In  the  matrix  by  heat  treatment  does  Indeed-  hold  a  promise  for 
Improvement  of  the  composite  fatigue  limits.  However,  more  exper¬ 
imental  work  Is  needed  to  verify  the  calculated  curves  of  Figures 
5-27  and  5-28. 
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5.9  Conclusions 

1.  The  plasticity  theory  proposed  In  Chapters  III  and  IV, 
coupled  with  the  thermomechanical  analogy  developed  In  this  chap¬ 
ter,  makes  It  possible  to  evaluate  the  residual  microstresses  In 
metal  matrix  fibrous  composites  during  heat  treatment.  The  com¬ 
parison  with  the  available  in-situ  experimental  measurements  of 
these  microstresses  Indicates  that  -the  theoretical  predictions 
are  very  accurate. 

2.  The  microstresses  in  606l  A£-B  composites  evaluated 
for  T6  and  T6M  temper  were  found  to  be  very  high,  and  unfavorably 
distributed  In  the  matrix.  Also,  the  proportional  limit  for 
loading  In  the  fiber  direction  was  found  to  be  rather  low.  The 
new  heat  treatment  consisting  of  cooling  the  tempered  composites 
to  -320  or  -450  deg.  P.,  changes  the  residual  stresses  In  the  com¬ 
posite  without  changing  the  metallurgical  characteristics  of  the 
matrix.  The  thermal  loads  imposed  by  these  cooling  cycles  cause 
plastic  flow  In  the  matrix.  Elastic  unloading  follows  during 
reheating  to  the  room  temperature.  As  a  result  of  these  treat¬ 
ments,  the  microstress  distribution  In  the  matrix  Improved  dras¬ 
tically,  and  the  proportional  limit  of  the  composite  increased 

by  a  factor  of  2.5. 


87 


3-  The  microstresses  obtained  for  the  7075-A£-B  compos¬ 
ites  for  T6  and  T6M  tempers  were  more  favorable  than  those  ob¬ 
tained  In  case  of  606l  A£-B  composites.  It  was  found  that  the 
stress  distribution  In  the  T6m  case  are  most  favorable,  and  the 
proportional  limits  were  high  for  both  tempers.  No  Improvements 
of  the  microstress  distributions,  or  of  proportional  limits  could 
be  achieved  by  the  new  heat  treatment  as  In  the  case  of  the  6o6l 
A£-B  composites. 

4.  The  thermal  expansion  coefficients  of  the  606I-T6 
A£-B,  606I-T6M  A£-B,  7075-T6  A£-B,  and  7075-T6M  A£-B  were  eval¬ 
uated  as  functions  of  temperatures  during  heat  treatment.  It 
was  found  that  significant  changes  of  both  axial  and  transverse 
thermal  expansion  coefficients  are  caused  by  plastic  straining 
of  the'  matrix  during  the  heat  treatment . 

5.  Tentative  calculations  were  made  of  the  expected 
fatigue  limits  of  the  heat  treated  composites.  It  was  found 
that  the  process  designed  to  reduce  the  residual  stresses  In 
the  matrix  may  also  significantly  Improve  the  fatigue  strengths 
of  the  composites. 


CHAPTER  VI. 


SUMMARY,  GENERAL  DISCUSSION,  AND 
RECOMMENDED  RESEARCH 


The  plasticity  theory  for  fiber-reinforced  metal  matrix 
composites  formulated  here  is  based  on  micromechanical  consider¬ 
ations.  The  mlcroplastlc  flow  caused  in  the  axlsymmetrlc  deforma¬ 
tion  mode  is  related  to  the  macroscopic  behavior  of  the  composite 
through  the  hardening  and  flow  rules.  The  salient  features  of 
the  formulation  of  the  plasticity  theory  will  now  be  summarized. 


6 . 1  Summary 

The  plastic  deformation  of  a  fiber  reinforced  composite 
can  be  represented  by  a  set  of  five  invariants  which  are  functions 
of  the  applied  composite  stresses.  The  first  two  invariants  I^ 
and  I2  are  responsible  for  the  axlsymmetrlc  deformation  in  the 
composite.  The  axlsymmetrlc  deformation  mode  is,  characterized  by 
uniform  normal  composite  stresses  on  planes  parallel  to  the  fiber. 


(88) 
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and  an  axial  composite  stress  on  a  plane  perpendicular  to  the 
fiber.  When  the  composite  is  loaded  into  plastic  range  in  the 
axlsymmetrlc  deformation  mode,  the  resulting  mlcroplastlc  flow 
produces  nonrecoverable  strains  and  residual  stresses  in  the 
composite.  Under  the  assumption  that  yielding  always  starts  in 
the  matrix  at  the  fiber-matrix  Interface,  it  has  been  established 
that  the  subsequent  yield  surface  is  identical  to  the  initial 
yield  surface  translated  to  a  new  position  in  the  I^l2-plane, 
and  thus  establishing  the  kinematic  hardening  in  this  plane. 

During  mlcroplastlc  flow,  for  loading  in  the  axlsymmetrlc 
mode,  it  has  been  found  that  three  types  of  microstress  increments 
take  place  due  to  a  composite  stress  increment  in  the  matrix  at 
the  fiber-matrix  Interface.  These  three  microstress  Increments 
correspond  in  turn  to  two  components  of,  the  applied  stress  incre¬ 
ment.  The  first  of  the  txvo  components  of  the  composite  stress 
Increments  corresponds  to  an  isotropic  microstress  Increment,  and 
the  second  to  a  neutral  elastic  microstress  increment..  It  has 
been  established  that  the  former  type  of  the  composite  stress 
Increment  is  responsible  to  the  translation  of  the  loading  sur¬ 
face  in  the  I,I„-plane.  On  the  assumption  that  the  first  compon- 

1  C 

ent  of  the  composite  stress  Increment  is  always  in  the  radial 
direction,  the  Hardening  Rule  I  has  been  formulated.  Later  it 
has  been  found  that  there  exists  a  special  direction  in  the  1^12“ 
plane  for  each  loading  point,  such  that,  if  loading  takes  place 
along  this  direction  only  isotropic  microstress  change  results 
during  plastic  flow.  This  finding  resulted  in  the  formulation  of 
a  more  accurate  Hardening  Rule  II.  The  plastic  components  of  the 
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composite  stress  Increments  have  been  determined  by  using  the 
flow  rule  based  on  normality.  The  proportionality  constant  In 
the  normality  condition  has  been  determined  by  an  estimate  of 
the  total  strain  In  the  fiber  direction.  The  proposed  hardening 
and  flow  rules  have  been  verified  by  using  the  finite  element 
method.  The  agreement  between  the  results  predicted  by  the  pro¬ 
posed  theory  and  the  finite  element  method  has  been  very 
satisfactory. 

In  order  to  determine  the  microstresses  In  the  entire 
composite  under  axlsymmetrlc  deformation,  an  approximate  solution 
has  been  developed.  The  solution  has  been  based  on  composite 
cylinder  Idealization  of  the  composite.  Again,  comparisons  be¬ 
tween  the  results  obtained  from  the  approximate  microstress  solu¬ 
tion  and  the  finite  element  method,  showed  a  very  satisfactory, 
agreement . 

Finally,  to  determine  the  responses  of  composites  under 
thermal  loading,  a  thermomechanical  analogy  has  been  developed, 
such  that  the  microstresses  and  composite  strains  during  thermal 
loading  can  be  evaluated  by  solving  an  associated  problem  of  load¬ 
ing  In  the  axlsymmetrlc  mode.  The  thermomechanical  analogy  Is 
equally  valid  for  determining  the  effects  of  volume  changes  In  the 
constituent  phases  of  a  composite  due  to  metallurgical  transforma¬ 
tions  during  heat  treatment.  By  modifying  the  proposed  plasticity 
theory  to  account  for  the  change  In  matrix  yield  stress  due  to 
temperature  changes,  serval  heat  treatment  problems  have  been 
solved.  The  results  obtained  agree  with  the  existing  experimental 
results.  On  the  basis  of  the  proposed  plasticity  theory,  new  heat 
treatment  sequences  that  may  Improve  the  initial  yielding,  fatigue 
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and  fracture  behavior  of  boron-aluminum  composites  have  been 
proposed. 


6.2  General  Discussion 

Effects  of  mlcroplastlc  flows  occurring  during  plastic 
deformation  are  related  to  the  macroplastic  deformation  of  the 
composite  in  the  axlsymmetrlc  deformation  mode.  The  constraint 
offered  by  the  elastic  fibers  is  essentially  reflected  as  the 
kinematic  motion  of  the  loading  surface  during  plastic  deforma¬ 
tion.  The  hardening  rules  predicting  the  motion  of  the  loading 
surfaces  are  based  on  the  study  of  the  microstresses  in  the  matrix 
at  the  fiber-matrix  Interfaces.  The  Hardening. Rule  I  is  a  simple 
one,  and  could  be  easily  Incorporated  in  a  general  plasticity 
theory.  The  Hardening  Rule  II  which  offers  more  accurate  predic¬ 
tion  of  the  composite  behavior  is  not  as  simple,  but  nevertheless 
could  be  incorporated  in  a  general  plasticity  theory,  if  more 
accuracy  is  required.  Either  hardening  rule  gives  sufficiently 
accurate  prediction  of  the  kinematic  hardening  behavior  in  the 
axlsymmetrlc  deformation  mode,  both  under  mechanical  as  well  as 
thermal  loads.  The  flow  rule  proposed  is  closely  related  to  the 
hardening  rules  in  its  formulation,  and  gives  accurate  prediction 
of  the  composite  plastic  strains. 

The  microstress  solution  formulated  for  a  composite 
cylinder  under  plastic  flow  is  an  approximate  one,  the  approxima¬ 
tion  Introduced  being  that,  the  regions  remote  from  the  fiber- 
matrix  Interfaces  are  controlled  mainly  by  the  interface  response. 
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This  Is  due  to  the  coupling  of  the  hardening  rules  which 
essentially  monitor  the  Interface  responses,  and  the  microstress 
solution  for  radial  loading  of  a  stress  free  composite  cylinder. 

A  consequence  of  the  above  Is  that,  the  solution  procedure  and  the 
associated  assumptions  may  break  down  under  severe  reversed  plas¬ 
tic  flow  In  the  matrix.  In  which  Instance,  the  plastic  flow  may 
no  longer  start  at  the  Interface  but  In  a  region  remote  from  the 
Interface.  However,  It  should  be  noted  that  the  kinematic  motion 
of  the  loading  surface  Is  still  expected  because  of  the  assurance 
of  the  existence  of  a  residual  stress  field  that  could  translate 
the  loading  surfaces,  the  contained  nature  of  the  mlcroplastlc 
flow,  and  the  well  known  shake  down  theorems  [551*  Under  moder¬ 
ate  plastic  flow  the  procedure  of  determination  of  the  micro¬ 
stresses  Is  expected  to  give  reasonably  accurate  results  on  the 
assumption  that,  even  If  the  yielding  were  to  start  In  a  region 
remote  from  the  Interface,  It  would  spread  rapidly  towards  the 
Interface  within  a  short  segment  of  a  loading  path. 

The  above  suggests  that  a  multipoint  Input  Into  the 
hardening  rules  Instead  of  the  single  Interface  point  may  be 
required  under  severe  reversed  plastic  flow.  The  loading  surface 
In  that  situation  would  be  the  Interior  envelope  of  all  the  yield 
surfaces  corresponding  to  the  different  points  selected.  The 
residual  stresses  which  are  responsible  for  the  translation  of  the 
yield  surfaces,  being  different  at  different  points  selected 
move  the  respective  subsequent  yield  surfaces  to  different  posi¬ 
tions.  Thus,  the  centers  of  the  subsequent  yield  surfaces  would 
move  according  to  different  rules  depending  upon  the  nature  of 
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the  residual  stresses  generated  at  the  selected  points.  The  new 
loading  surface  would  then  be  given  by  an  Interior  envelope  of  all 
the  subsequent  yield  surfaces.  However,  It  should  be  noted  that 
the  loading  surface  obtained  by  the  interface  controlled  hardening 
rule  of  the  present  work  Is  an  upper  bound  of  the  true  loading 
surface,  or  any  multipoint  controlled  loading  surface  suggested 
(See  Reference  [56]  for  proof). 

The  plasticity  theory  developed  is  useful  for  the  axl- 
symmetrlc  part  of  the  overall  deformation,  and  gives  the  effect 
of  the  Invariants  and  I2.  The  influence  of  the  Invariants 

and  on  the  plastic  deformation  Is  yet  to  be  studied. 

However,  It  Is  the  opinion  of  this  Investigator,  that,  because 
of  the  relative  closeness  of  the  initial  yield  and  limit  loads  for 
composite  stress  systems  corresponding  to  thesef  Invariants,  no  ■ 
significant  residual  stresses  could  be.  stored  In  a  composite  made 
of  a  non-hardening  matrix.  In  such  cases  it  would  seem  that  an 
elastlc-perfectly  plastic  Idealization  of  the  deformation  behavior 
Is  appropriate  for  stress  systems  corresponding  to  these  Invar¬ 
iants.  The  hardening  in  I^l2-plane  would  however  Influence  the 
yielding  In  these  stress  systems.  Further  Investigations  on  these 
aspects  Is  suggested. 

The  thermomechanical  analogy  formulated  Is  an  effective 
tool  in  the  determination  of  the  residual  stresses  and  the  mechan¬ 
ical  behavior  of  heat-treated  composites.  The  major  obstruction 
in  the  way  however  Is  the  lack  of  experimental  data  on  the 
behaviour  of  the  matrix  alloys  of  the  metal  matrix  composites  during 
heat  treatment.  The  variation  of  the  yield  stress  during  the  heat 
treatment  and  the  volume  changes  due  to  metallurgical 
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transformations  during  aging  for  the  aluminum  alloys  used  in  the 
present  work  have  been  estimated  from  the  available  experimental 
data.  As  evident  from  the  results  obtained  for  the  two  boron- 
aluminum  composites  made  of  606l  and  7075  aluminum  alloys,  the 
variation  of  the  yield  stress  plays  a  very  important  role  and 
affects  both  the  magnitude  and  distribution  of  the  residual 
microstresses  in  the  heat-treated  composites. 


6.3  Recommended 'Research 

Based  on  the  earlier  discussion,  as  well  as  the  ideas  that 
crossed  the  mind  of  the  author  during  the  course  of  the  present 
work,  the  following  areas  of  research  s.eem  to  be  of  interest  in 
the  extension,  refinement,  and  application  of  the  present  work. 

1.  Multipoint  controlled  hardening  and  flow  rules. 

2.  Interaction  between  axisymmetrlc  and  shear  deformation 

modes. 

3-  Effects  of  cyclic  loads  where  there  is  reversed  plas¬ 
tic  flow. 

4.  Effect  of  strain  hardening  of  the  matrix  material  on 
the  hardening  and  flow  rules  of  the  composite. 

5.  Experimental  verification  of  the  hardening  and  flow 
rules,  and  also  the  residual  stresses  in  heat-treated  composites. 

6.  Experiments  for  the  determination  of  the  variation  of 
yield  stress  during  heat  treatment  and  the  volume  changes  during 
aging  of  the  matrix  materials. 
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7.  Investigation  of  new  heat-treatment  sequences  that 
may  Improve  the  initial  yield,  fatigue  and  fracture  behavior  of 
heat-treated  composites. 

8.  Kinematic  hardening  in  multilayered  composites  where 
each  layer  is  made  of  a  uniaxial  fibrous  composite.  In  these 
materials  kinematic  hardening  is  expected  in  the  entire  normal 
stress  space  as  well  as  for  the  transverse  shear  stress. 


PART  II 


PLASTICITY  THEORY  OF  MULTILAYERED 
COMPOSITES  -  INITIAL  YIELDING  . 
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CHAPTER  VII. 


INTRODUCTION 


The  initial  yielding  in  composites  under  externally  applied 
composite  fractions,  is  primarily  governed  by  the  micromechanical 
interaction  between  the  constituents.  In  a  unidirectional  fiber- 
reinforced  composite,  one  should  consider  the  interaction  between 
the  parallel  fibers  and  the  matrix.  On  the  other  hand,  in  a  multi¬ 
layered  composite  made  of  a'  series  of  unidirectional  fiber- 
reinforced  composite  layers,  one  should  consider,  in  addition,  the 

I 

interaction  between  the  non-parallel  fibers  in  two  successive 
layers. 

The  initial  yielding  of  unidirectional  fiber-reinforced 
composites  has  been  studied  earlier  by  Lin  et  al.  [15J  and  Dvorak 
et  al.  [16].  The  interaction  between  the  parallel  fibers  and 
the  matrix  has  been  successfully  included  in  the  analysis  by  the 
analysis  of  representative  volume  element  of  the  composite 
idealizations  with  appropriate  boundary  conditions.  However,  to 
the  author’s  knowledge  no  such  solutions  are  available  for  the 
multilayered  composites.' 


(97)  ' 
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The  purpose  of  the  Part  II  is  to  evaluate  the  micro¬ 
stresses  and  construct  the  initial  yield  surfaces  for  multi¬ 
layered  composites  under  external  composite  tractions.  The 
multilayered  composites  considered  are  made  of  unidirectional 
hexagonal  composite  layers,  and  the  fibers  in  two  successive 
layers  are  perpendicular  to  each  other  (0-90  composite) . 

The  analysis  consists  of  two  parts,  namely:  the  "Regu¬ 
lar  Solution"  which  neglects  the  interaction  between  the  fibers 
in  two  successive  layers  (cross-over  effects) ;  and  the  "cross¬ 
over  solution"  which  includes  the  cross-over  effects. 

On  the  assumption,  that  the  Saint-Venants  principle  [57] 
is  applicable  for  the  cross-over  effects,  the  microstresses  far¬ 
ther  away  from  the  interface  of  two  successive  layers  (layer-layer 
interface)  may  be  evaluated  by  the  regular  solution.  In  the  vicin 
ity  of  the  layer-layer  interface  the  microstresses  are  given  by 
the  cross-over  solution.  One  could  consider  the  two  solutions 
separately,  and  construct  the  initial  yield  surfaces  corresponding 
to  the  microstresses  obtained  from  the  two  solutions.  The  initial 
yield  surface  for  the  multilayered  composite  is  then  given  by  the 
interior  envelope  of  the  yield  surfaces  obtained  by  the  two  solu¬ 


tions  . 


CHAPTER  VIII. 


REGULAR  SOLUTION 


I-n  order  to  construct  the  regular  solution,  the  multilayer¬ 
ed  composite  Is  considered  as  a  material  consisting  of  a  series 
of  "balanced"  anisotropic  layers  with  different  elastic  moduli. 

A  balanced  multilayered  composite  Is  defined  as  a  composite  which 
when  acted  upon  by  uniform  composite  strains  on  the  principal 
planes  of  the  composite  do  not  produce  any  bending  effects.  This 
assumption  Implicitly  uncouples  the  composite  jiormal  and  shear 
stresses.  An  example  of  a  balanced  multilayered  composite  Is, 
a  three-layer  composite;  the  top  and  bottom  layers  of  equal  thick¬ 
ness  made  of  one  anisotropic  material,  and  the  middle  layer  of 
twice  the  thickness  .of  the  other  two  made  of  another  anisotropic 
material;  the  principal  planes  of  anisotropy  of  the  two  materials 
being  parallel. 

In  the  present  chapter  one  half  of  the  three— layered 
composite  discussed  above  Is  considered  (Figure  8-1).  The  total 
thickness  of  the  model  Is  2  t.  The  x  and  y  axes  lie  In  plane 
parallel  to  the  Interface  of  the  two  layers,  and  the  z  axis  In  a 
direction  perpendicular  to  the  Interface.  The  .principal  axes  of 
anisotropy  are  assumed  to  be  coincident  with  the  xyz-dlrectlons . 
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The  model  Is  subjected  to  composite  normal  stresses, 
and  in  the  directions  x,  y,  and  z,  respectively;  and  composite 

shears  S^2>  ^13’  ^23  planes  xy,  xz,  and  yz,  respective¬ 

ly.  Now  the  problem  Is  to  find  the  Individual  components  of  the 
applied  composite  stresses,  acting  on  the  two  individual  layers. 
The  microstresses  in  the  individual  layers  could  then  be  deter¬ 
mined  by  considering  the  nonhomogeneities  in  the  layers. 


8.1  Solution  for  Normal  Stresses 

Let  E22  be  the  normal '  composite  strains  produced 

under  the  action  of  the  normal  composite  stresses  ^22  ^3^ 

in  X,  y,  and  z  directions,  respectively.  (The* braces  {  }  always 
represent  a  column  matrix;  the  elements  may  be  listed  horizontally 
or  vertically).  The  strains  produced  in  the  individual  layers 
(Figure  2-1)  may  then  be  written  as 


E  ^  E  ^  E  ^ 
XX  yy  zz 


Ell  E22  (E33  + 


(8.1) 


E  '  E  U  E,  U 

XX  yy  zz 


^11  ^22  ^^33  ^33^ 


(8.2) 


( 


^  are  strain  in  the  lower  layer  (Figure  8-1), 
are  strains  in  the  upper  layer,  and  d33  is  the 
antisymmetric  component  of  the  z— strain  in  the  two  layers . 


(' 


"xx"  Eyy"  "zz 

E  ^  E  ^  E  ^ 
XX  yy  zz 
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Let  [C  ]  and  [C^]  be  the  elastic  moduli  of  the  lower  and 

upper  layers,  respectively,  when  considered  Independently  for 

normal  strains,  and  S  S  and  /  s  ^  S  S  ^  \ 

\  XX  yy  zz  /  \  xx  yy  zz  f  be  the 


stresses  In  the  two  layers  due  to  ^22  ^33^' 


The  stress- 

strain  relations  for  the  Individual  layers  are  as  follows: 


Lower  layer 


[C^]  /e  ^  E  ^  E 

^  XX  yy  zz  I 


S  ^  S  ^  S  ^ 
XX  yy  zz 


(8.3) 


Upper  layer 


^  u  r  U  U  U 
\  XX  yy  zz 


s  “  s  "  s  “ 

XX  yy  zz 


(8.4) 


From  Equations  8.1  to  8.4 


L  „  L  „  L 


[C^]  <E,,  E„  E,,>  +  [C^]  <  0  0  d,,>  =  S 


^11  "^22  "^33 


33) 


XX  yy  zz 


(8.5) 


[cO]  E22  £33!  -  [(JJ]  1^0  0  djjj  = 


S  U  s  U  s  U 
XX  yy  zz 


(8.6) 


For  the  overall  equilibrium  of  the  model  (Figure  8-1) 


we  require 
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s  ^  +  s  ^ 

XX  yy 


=  2  S 


11 


S  ^  +  S  ^ 

yy  yy 


=  2  s 


22 


=  ^33 


=  ^33 


(8.7) 


Equations  b.5  to  8.7  constitute  10  equations  for  the  10 
unknown  E33,  Sy^^,  and 

in  terms  of  the  applied  composite  stresses  S22>  S 

Solution  of  these  equations  yields  the  following  relations  for 
unknown.  , 


33 


(€33^  +  0^3  ) 


(C31  -  )  (0^2 


032"^)  (C33U  -  033^)'^ 


[C] 


-1 


’ll 


’22 


33 


(8.8) 


Ell  E22  £33!=  LC]-^  |Sii  S22  S33I 

Js  ^  S  ^  S  [H^]  is,,  S,,  Sooi 

^  XX  yy  zz  I  I  11  22  33  r 

/s  ^  S  ^  S  ^1=  [H^]  |s,,  Spp  S^^l 

XX  yy  zz  r  ^  11  22  33  ^ 


(8.9) 

(8.10) 

(8.11) 
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where 


[CJ  = 


CH^]  = 


[H^]  = 


[[C^]  +  CC^]J  +' 


2(033"  .  C33") 


c 
<0 
c 


13 

L 

23 

L 

'33 


-  C 


—  C 


-  c 


r 


u  ^  U  _  L 

13  31  31 

^Uc  ^  -  0 

23  (  I  32  32 

"  c  "  -  c  " 

33  33  ^33 

J  \ 


(8.12) 


Cc"][c]“"  + 


(03^  .  03^) 


Cc^][c]“" 


(C33  +  C33) 


r  ^ 
,  L 


'13 


^T 


C  u  -  C  " 

^31  31 

u  ^  L 


V23  >  \  ^32 


'33 


32 

p  U  L 
33  "^33 


J 

1 

fc 

r 

r  " 

\ 

p  L 

^13 

^31  " 

^31 

0  ^ 
yi3 

1 

c  u  _ 

O32 

p  L 
^32  > 

C  u  _ 

33 

C  " 
33 

J 

[C] 


-1 


CC] 


(8.13) 


-1 


(8.14) 


In  the  above  equations  the  matrix  [C]  represents  the  elastic 
moduli  of  the  multilayered  composite.  The  superscript  T  over 
matrices  Indicates  the  transpose. 
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8.2  Solution  for  Shear  Stresses 

Let  S^2>  ^13’  ^23  composite  shear  stresses 

acting  on  the  planes  xy,  xz,  and  yz,  respectively.  We  assume 
that  each  shear  stress  Is  uncoupled  with  the  other  stresses. 

That  Is,  application  of  a  composite  shear  strain  produces  only 
the  corresponding  shear  stress  and  none  other.  Thus,  the  stress- 
strain  relations  In  the  shear  for  the  two  Individual  layers  In 
Figure  8-1  are 


C 


C 


c 


c 


c 


c 

55 

66 

44 

55 

66 


L„  L 
44  ^xy 


L  ^  L 
^xz 


E 


yz 


U  E  U  = 
xy 


U  e'  u-  = 

xz 


U  E  U 

yz 


xy 


xz 


yz 


u- 


xy 


u 


xz 


S  u 
yz 


(8.15) 


(8.16) 
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where  ,  Cgg  ,  and  ,  *^55^»  ^66^  elastic 

moduli;  and  ^xz^’  ^yz^  shear 

stresses;  ,  and  E^^^,  ^xz^’  ®yz^  shear 

strains;  subscript  L  being  lower  domain,  and  U  being  the  upper 
domain  (Figure  8-1). 

Under  the  action  of  shear  stresses  and  S22»  the  two 
layers  of  the  model  (Figure  8-1)  respond  In  "series”.  One  has  to 
satisfy  the  equilibrium  on  the  Interface  between  the  two  layers. 
This  would  require  that,  the  shear  stresses  in  the  two  Individual 
layers  be  equal.  Thus,  '  . 


^  „  U  _ 

^xz  ^xz  "  ^13 


c  L  _  q  y  _  ^ 
yz  “  ^yz  ^,23  • 


(8.17) 


The  total  strains  are  given  by 


E,  _  =  E  ^  +  E‘^ 
13  xz  xz 


E,,  =  E  ^  +  E  ^ 
23  yz  yz 


(8.18) 


From  Equations  8.15  to  8.18,  we  can  obtain  the  overall  stress 
strain  relations  as 


^13  *^55  ^13 


(8.19) 


^23  ^66  ^23 
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where 


%5  =  Ss"  ''55"''<S5"  "  °55“> 


(8.20) 


'66  “  "'66  "'66  "  ^^66 


The  constants  and  represent  the  overall  shear  moduli. 

Under  the  action  of  shear  stress  "two  layers  of 

the  model  respond  In  "parallel". In  this  case,  one  has  to  satisfy 

the  compatibility  on  the  Interface.  This  would  require  that  the 

shear  strains  In  the  two  layers  be  equal.  Thus  the  governing 
equations  are  as  follows: 


"xy”  =  ^12 


(8.21) 


P  L  L 
^44  ^xy 


44  xy 


(8.22) 


C44  E^2 


(8.23) 


Solution  of  Equation  8.21  to  8.23  leads  to. 


L  44 

^xy  -  ^  ^12 


U  -  44 


(8.24) 
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^2l4  2  ^^44  *^44  ^ 


(8.25) 


Now,  the  stresses  In  the  Individual  layers  corresponding 
to  applied  composite  stresses  can  be  determined  from  Equations 
8.10,  8.11,  8.17,  and  8.24.  In  analogy  with  the  normal  stresses 
(Equations  8.10  and  8.11)  the  shear  stresses  In  the  Individual 
layers  can  be  written  as 


=  ^^"M^12  ^13  ^23 


o  U  u  u]  „  f  1 

12  ^13  ^23  J  “  ^  1^22  ^13  3231 


(8.26) 


(8.27) 


where 


^22  ~  ^22  ^33  ^  ^33  ’  ~ 


,^=  0  for  1  j  ,  k  =  L  and  U. 
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8.3  Microstresses  for 
Regular  Solution 

Having  determined  the  stresses  In  the  Individual  layers 
corresponding  to  an  applied  combination  of  the  composite  stresses, 
we  can  determine  the  microstresses  In  the  Individual  layers  by 
considering  the  nonhomogeneities.  We  shall  assume  that  each 
Individual  layer  Is  made  of  a  unidirectional  composites  with 
fibers  forming  hexagonal  arrays.  The  fibers  In  two  successive 
layers  are  considered  to  be  perpendicular  to  each  other.  Figure 
8-2  shows  an  Isometric  projection  of  the  composite  under  consid¬ 
eration.  The  unidirectional  composites  with  hexagonal  arrays  of 
fibers  have  been  solved  In  earlier  studies  [16,  17]  for  the 
microstresses.  These  results  will  now  be  utilized  In  the  formu¬ 
lation  of  the  regular  solution  for  microstresses  In  a  multilayered 
composite. 

Figure  8-2  shows  the  "local  coordinate  system"  for  the 
representative  volume  elements,  which  are  In  correspondence  with 
the  coordinate  system  of  unidirectional  composites  considered  In 
earlier  studies  [l6,  17]-  The  transformation  equations  for  the 
stresses  In  the  local  and  overall  coordinate  systems  are  as 


follows : 
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{0^>^}  =  [T^] 

=  [T^3  {S^’°} 
=  [T^]  {S^’°} 


(8.28) 


(8.29) 


In  these  equations  {a}  ={a  a  a  a  o  a}  are  the 

XX  yy  zz  xy  xz  yz' 

microstresses;  (S)  =  (S  S  S  S  S  S  }  are  the  composite 

XX  yy  zz  xy  xz  yz 

stresses;  the  first  superscript  represent  the  domain  Identifica¬ 
tion,  L  for  lower,  and  U  for  upper  domain;  the  second  superscript 
for  the  coordinate  Identification,  ^  for  local  coordinates,  and 
0  for  overall  coordinates.  Note  that  and  are  Iden¬ 
tical  to  (S^}  and  determined  In  earlier  sections.  The  trans¬ 

formation  matrices  [T^]  and  [T^]  are  given  by 

0  0  1  0  0  o' 

1  0  0  0  0  0 

,  0  1  0  0  0  0 

[T^]  =  (8.30) 

0  0  0  0  1  0 

0  0  0  0  0  1 


0  0  0  1  0  0 
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[T^J 


0  0  1 
0  10 
1  0  0 
0  0  0 
0  0  0 
0  0  0 


0  0  0 

0  0  0 

0  0  0 

0  0-1 

0-10 
10  0 


(8.31) 


In  analogy  with  the  microstress  determination  In 
unidirectional  composites  [16,  17]  we  can  write  the  microstresses 
In  the  form 


{a 

II 

1 — 1 
> 
i _ 1 

{sL,ilj 

II 

i — \ 

> 

1 _ 1 

U  1 
{S 

where  [A] 

Is  a  6  X  6 

matrix 

which 

Reference 

I — 1 

•H 

1 _ » 

The  stresses 

{gLjO} 

and  {S 

(8.32) 


of  the  applied  composite  stresses  {S}  =  3^2  ^^.2  ^13  ^23^ 

by  combining  Equation  8.10  with  8.26,  and  Equation  8.11  with 
8.27,  as 


=  [J^]  {S} 


>  =  [J^]  {S} 


(8.33) 


Ill 


where  [J^]  is  obtained  by  appropriate  combination  of  [H^]  and 
[G^]  in  Equations  8.10  and  8.26,  and  [J^]  by  combination  of  [H^] 
and  [G^]  in  Equations  8.11  and  8.27. 

Noting  that  the  Inverses  of  [T^]  and  [T^]  are  their 
transposes,  and  solving  Equations  8.28,  8.29,  8.32,  and  8.33  we 
obtain 


{a  =  [A^]  {S} 

-  {a  =  [A^]  {S} 

where 

T 

■  Ca’^]  =  [T^]  [A]  [T^]  CJ^],  and 

T 

[A^]  =  [T^l  [A]  [T^]  [J^] 


(8.3^) 


Equation  8.34  represents  the  regular  microstress  solution 
for  a  multilayered  composite.  The  matrices  [A^]  and  [A^]  are 
derived  essentially,  from  the  analysis  of  unidirectional  fibrous 
composite  for  different  points  in  the  composite  domain. 
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8.4  Construction  of  Initial 
Yield  Surfaces 


We  can  now  determine  the  Initial  yield  surfaces  based  on 

the  regular  solution  (Equation  8.34).  The  procedure  Is  Identical 

to  that  used  for  the  unidirectional  composites  [l6,  17],  except 

L  U 

the  matrices  [A  ]  and  [A  ]  are  used  for  the  determination  of  the 
microstresses.  The  procedure  for  the  determination  of  Initial 
yield  surfaces  In  briefly  outlined  below: 

1.  Select  a  path  defined  by 


^22  ^33  ^12  ^13 


(8.35) 


In  the  {S}  space,  when  t. .  are  known  constants  and  p  In  an  unknown 
defining  the  magnitude  of  the  loading  along  the  path. 

2.  Form  the  Mlses'  yield  condition  for  the  ihlcrostresses 
developed  at  a  point  due  to  composite  stresses  In  Equation  8.35. 
This  Is  given  by 


T 

{t}"^  [A^]  [c]  [A^]  {t>  =  (8.36) 

where  [A^]  Is  the  matrix  defining  the  microstresses  at  the  point 
which  Is  equal  to  [A^]  or  [A^]  in  Equation  8.34,  Y  is  the  yield 
stress,  and 
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Note  that  the  left  hand  side  of  Equation  8.35  represents  the 
square  of  the  equivalent  stress. 

3.  Equation  8.36  yields  two  equal  and  opposite  roots 
for  p.  Step  2  Is  repeated  for  all  the  matrix  points.  The 
minimum  value  of  the  positive  roots  and  the  maximum  value  of  the 
negative  roots  for  p,  when  substituted  into  Equation  8.35  give 

t 

two  points  on  the  yield  surface  along  the  path  defined. 

4.  Steps  1  to  3  are  repeated  along  several  paths  until 


enough  number  of  points  are  obtained  on  the  required  yield  surface. 


CHAPTER  IX. 


CROSS-OVER  SOLUTION 


In  Chapter  VIII  we  considered  the  regular  solution  of  a 
multilayered  composite  assuming  that,  there  Is  no  interaction  be¬ 
tween  the  fibers  in  two  successive  layers.  Such  a  solution  gives 
sufficiently  accurate  representation  of  the  microstresses  for 
points  farther  away  from  the  layer-layer  interfaces.  But  in  the 
vicinity  of  the  layer-layer • Interfaces  the  microstresses  are 
bound  to  be  affected  by  the  presence  of  the  discontinuity  in  the 

t 

material  description.  In  0-90  multilayered  composites,  the  fibers 
being  aligned  in  perpendicular  directions  in  two  successive  lay¬ 
ers,  the  discontinuity  in  the  material  description  is  caused  by 
an  abrupt  change  in  the  alignment  of  .the  fibers  across  the  layer- 
layer  Interface.  In  order  to  determine  the  microstresses  in  a 
cross-over  problem,  one  should  include  the  layer-layer  Interface 
in  any  representative  model  describing  the  composite.  In  this 
chapter,  two  methods  are  discussed  to  Include  the  effects  of  layer- 
layer  interface  in  the  analysis.  The  first  method  is  the  two 
layer  method  which  involves  selecting  a  representative  domain  near 
the  layer-layer  Interface  consisting  of  a  part  of  each  layer, 
adjoining  the  Interface  of  a  multilayer  composite  in  Figure  8.2. 
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The  second  Is  the  one  layer  method,  and  Involves  solving  a 
representative  domain  near  the  layer-layer  Interface  consisting 
of  only  one  layer,  the  layer-layer  Interface  being  simulated  by 
appropriate  specification  of  the  boundary  conditions,  which  will 
be  discussed  later. 


9.1  Solution  Method 

The  solution  method  for  the  cross-over  problems  essentially 
consists  of;  subjecting  the  representative  volume  elements  to 
unit  composite  strains;  solving  the  stresses  In  the  composite  by 
analytical  or  finite  element  method  [20]  for  each  composite  strain; 
evaluating  the  microstresses  due  to  unit  composite  stresses  from 
the  unit  strain  responses.  The  procedure  Is  Identical  to  that 
used  for  the  unidirectional  composites  [I6,  17].  If  the  finite 
element  method  were  to  be  used  then,  the  microstresses  In  each 
element  can  be  written  as 

{0}  =  [B]  {E}  (9.1) 


where  (cf) 


{a  a  0  0  a  a} 

XX  yy  zz  xy  xz  yz 


{E}  E22  ^23  ^12  ^13  ®23^ 


[B]  Is  a  6  X  6  matrix  for  each  'finite  element  In  the 
composite,  such  that  each  column  of  [B]  represents  the  micro¬ 
stresses  {a}  In  the  finite  element  due  to  a  unit  composite  strain. 
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The  microstress  responses  due  to  the  composite  stresses  (s)  can 

be  obtained  by  using  the  composite  stress-strain  relation,  given 
by 

{S}  =  [C]  {E}  (9.2) 

Where  (S)  =  S33  S33  3^3) 

[c]  Is  the  composite  moduli  matrix. 

By  using  Green’s  Identities  and  the  uncoupling  between 
composite  normal  and  shear  deformations  as  well  as  between  the 
shear  deformations.  It  can  be  proved 

^  /  I^B]  dv  ,  (9.3) 

where  V  Is  the  volume  of  the  representative  volume  domain  In 
which  CB]  are  computed,  and  the  Integral  Is  taken  over  the  volume 
of  the  representative  volume  element.  The  microstress  responses 
due  to  composite  strains  can  now  be  obtained  from  Equations  9.1 
and  9.2  as 


<cr}  =  [A]  {S} 


(9.^) 


-1 


where  [A]  =  [B]  [C] 
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9.2  Material  Planes  of  Symmetry 

The  basis  of  the  formulation  of  the  boundary  conditions 
for  the  representative  models  of  the  cross-over  problem  which  will 
be  discussed  later.  Is  the  Identification  of  the  "Material  Planes 
of  Symmetry".  The  material  planes  of  symmetry  are  defined  as  the 
planes  about  which  the  material  properties  are  symmetric.  In  a 
composite,  these  planes  can  be  Identified  as  the  periodic  planes 
of  the  composite  about  which  the  composite  repeats  Itself. 

Consider  a  point  0  on  the  material  plane  symmetry  as 
shown  In  Figure  9-1.  Let  t],  C  represent  an  orthogonal  coordi¬ 
nate  system  at  the  point  0,  with  ^  In  the  direction  perpendicular 
to  the  material  plane  of  symmetry,  and  n,  ^  lying  In  the  plane. 

Let  the  displacements  of  the  point  0  be  u^,  u^,  u^,  and  the 
stresses  on  the  plane  at  point  0  be,  a^,  x^,  x^,  where  Is  the 

normal  stress  and  x-  ,  x^  are  the  shear  stresses  on  the  plane  In 

n  C 

the  directions  n  and  C,  respectively. 

It  Is  observed  that  the  displacements  and  stresses  at 
points  like  0  on  the  material  plane  of  symmetry  under  the  action 
of  the  external  loads,  symmetric  or  antisymmetric  with  respect 
to  the  plane,  with  symmetric  boundary  conditions  have  the  pro¬ 
perties  shown  In  Table  9-1- 
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Table  9-1.  Boundary  Conditions  on  a  Material 
Plane  of  Symmetry. 


Loads 

u 

C 

u 

n 

u 

C 

T 

n 

Sym. 

Const . 

- 

- 

- 

0 

0  . 

flnt-.-l  - 

Sym. 

Const . 

Const . 

0 
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In  Table  9-1.  the  displacements  marked  "Const."  are 
constant  on  the  entire  material  plane  of  symmetry,  the  stresses 
marked  0  are  zero  on  the  entire  plane;  and  the  quantities  marked  - 
are  unknowns  to  be  determined.  Thus,  one  can  prescribe  on  a  ma¬ 
terial  plane  of  symmetry  three  quantities,  one  displacement  and 
two  stresses,  or,  two  displacements  and  one  stress. 

It  Is  Interesting  to  note  that  If  a  composite  can  be 
represented  by  a  representative  volume  element,  which  Is  bounded 
by  the  material  planes  of  symmetry,  then,  there  Is  no  coupling 
between  the  normal  and  shear  deformations,  nor,  between  the  shear 
deformations.  That  Is,  If  the  composite  Is  subjected  to  normal 
composite  strains,  then,  no  composite  shear  stresses  are  generated, 
and  the  vice  versa.  Also,  If  the  composite  Is  subjected  to  a 
composite  shear  strain,  only  the  corresponding, shear  stress  Is 
generated  and  none  of  the  other. 

Based  on  the  concept  of  the  material  plane  of  symmetry 
we  shall  now  formulate  the  boundary  conditions  for  the  cross-over 
models  based  on  the  two-  and  one-layer  methods. 


9-3  The  Two-Layer  Method 

The  two-layer  method  for  evaluating  the  fiber  cross-over 
effects  Involves  the  solution  of  a  representative  volume  model  of 
the  multilayer  composite  near  the  layer-layer  Interface  consisting 
of  part  of  two  successive  layers.  In  Figure  9-2,  this  model  can 
be  represented  by  a  domain  bounded  by  the  planes  x  =  0,  x  =  a, 
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y  =  0,  y  =  a,  z  =  z^,  and  z  =  Where  z^  and  7.^  are  selected 

such  that  the  effects  of  layer-layer  Interface  are  attenuated  near 
these  planes.  In  the  present  case  z^  and  are  assumed  to  be  0 
and  2t ,  respectively.  The  dimensions  a  and  t  are  selected  from 
the  consideration  that  the  individual  layers  are  made  of  unldlrec- 
tlonal  hexagonal  composites,  so  that,  a  =  R(tt/(3.^64  v^))  , 

t  =  0.866  a,  where  R  Is  the  radius  of  the  fibers,  and  v^  is  the 
fiber  volume  fraction.  It  is  observed  that  the  planes  x  =  0,  x=a, 
y  =  0,  y  =  a  bounding  the  representative  model  are  material  planes 
of  symmetry.  Due  to  the  assumption  that  the  plane  z  =  0  and  z  = 

2t  are  sufficiently  farther  away  from  the  layer-layer  Interface, 
and  the  effects  of  layer-layer  Interface  are  attenuated  at  this 
distance,  even  these  planes  can  be  considered  as  material  planes 
of  symmetry,  the  symmetry  being  with  respect  tp  the  unidirectional 
composites  of  which  the  layers  are  made. 

Based  on  the  above  considerations,  the  boundary  conditions 
for  the  model  of  the  two-layer  method  are  formulated  as  shown  in 
Table  9-2,  under  the  action  of  the  composite  strains  ^22^  ^33’ 

^12’  ^13^  ^23‘  ^°4e  that  the  shear  strains  ^13’  ^23 

are  tensorlal,  and  u,  v,  and- w  are  displacements  at  a  point  in 
X,  y,  and  z  directions,  respectively. 
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Table  9-2.  Boundary  Conditions  for  a  Two-Layer  Model. 


Strain  State 

O 

II 

X 

■■■ 

■■■■ 

y  =  a 

z  =  0 

-p 

CM 

II 

ISI 

u=-E^^a/2 

u=E^^a/2 

v=-E22a-/2 

v=E^/2 

w=-E^2t  w=E22‘t 

^11’®22’®33 

a  —  0 

xy 

a  =0 

xy 

a  =0 

xy 

a  =0 

xy 

0  =  0  a  =0 

xz  xz 

^xz  =  ° 

a  =0 

xz 

a  =0 

yz 

a  =0 

yz 

a  =  0 

yz 

0  =0 
yz 

v=-R^a./2 

v=Ei2a/2 

u=-Ej2a/2 

u=E^/2 

w  =  0 

w  =  0 

^12 

w  =  0 

w  =  0 

w  =  0 

w  =  0 

a  =0 
xz 

o  =0 
xz 

a  =0 

XX 

a  =0 

XX 

a  =0 

yy 

a  =0 

yy 

a  =0 
yz 

a  =0 
yz 

w=-E^^a/2 

vj=E^^a./2 

V  =  0 

V  =  0 

u=-Ei3t 

U=E^2^ 

"13 

V  =  0 

V  =  0  a 

■  =  0  a 

xy 

=  0 
xy 

V  =  0 

V  =  0 

a  =0 

XX 

a  =0 

XX 

a  =0 
xz 

0  =0 
yz 

« 

a  =0 
zz 

a  =0 
zz 

u  =  0 

u  =  0 

w=-E22a/2 

w=E22a/2  v=-Ej^2t 

v=E^3t 

"=23 

o  =0 
xy 

a  =0 
xy 

u  =  0 

u  =  0 

u  =  0 

u  =  0 

a  =0 
xz 

a  =0 
xz 

a  =0 

yy 

a  =0 

yy 

a  =0 
zz 

a  =0 
zz 
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9.4  The  One-Layer  Method 

The  two-layer  method  discussed  earlier,  requires  excessive 
amounts  of  computer  time  and  core  if  finite  element  method  were  to 
be  used  in  the  solution.  In  order  to  avoid  this  and  obtain  the 
solution  more  efficiently,  a  one-layer  method  will  be  discussed 
here.  In  the  one-layer  method,  the  representative  model  of  the 
multi-layer  composite  in  Figure  8-2  consists  of  a  part  of  only 
one  layer  near  the  layer-layer  interface.  In  Figure  9-2  this 
model  is  represented  by  the  domain  bounded  by  the  planes  x  =  0, 
x=a,  y=0,  y=a,  z=z^,  and  z  =  t.  The  parameters  a  and  t 
are  identical  to  those  given  for  the  two-layer,  model  discussed 
earlier.  The  distance  z^  is  again  selected  such  that  the  effects 
of  layer-layer  interface  are  attenuated  at  this  distance.  In  the 
present  model  the  value  of  z^  is  taken  as  -t .  The  plane  z  =  t 
represents  layer-layer  interface. 

In  order  to  solve  this  model,  the  composite  strains 
^11’  ^22’  ^33’  ^12’  ^13’  ^23  resolved  into  six  associated 

strain  fields  defined  below: 
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1. 

=11 

E22 

•  P 
^11 

2. 

^11 

-E22 

=  P 

22 

3. 

®33 

“  "^33 

(\J 

1 — ( 

w 

=  P 

12 

5. 

E-,  ^ 

=  -E.,^ 

=  P 

13 

23 

13 

6 . 

En  n 

=  E.,..  = 

F 

13 

23 

23 

(9.5) 


The  strain  fields  associated  with  and  F^^ 

are  considered  as  "symmetric",  as  under  the  action  of  these  strain 
fields  the  displacements  at  a  point  (x  =  c^ ,  y  =  C2 ,  z  =  c^ )  In 
the  lower  layer  (Figure  9-2)  are  related  to  an  Identical  point 

(x  =  y  =  C2,  z  =  2t  -  c^)  In  the  upper  layer,  the  center  of 
the  Interface  being  fixed,  are  related  by 


u 


L 


U 

V 


(9.6) 


where  u  ,  v  ,  w^  are  the  dlspalcement  at  a  point  In  the  lower 
layer  In  x,  y,  z  directions,  respectively,  and  u^,  v^,  w^  are  the 
displacements  at  an  Identical  point  In  the  upper  layer.  The 
stresses  at  the  corresponding  points  under  the  symmetric  strain 
fields  are  related  by 


{a 


L. 


XX 


yy 


zz 


xy 


xz 


‘a  {a 

yz  yy 


u 

a  c 

XX 


U 

T  C 

ZZ  yx 


-o  _a  }  f  Q  7 ) 
yz  xz  ^ 
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If  we  consider  the  layer-layer  interface  (Figure  9-3) 
under  the  action  of  symmetric  strain  fields,  the  dlspalcements 
at  points  A.(x  =  c^,  y  =  z  =  t)  and  B  (x  =  c^,  y  =  c^,  z  =  t) 

which  are  symmetrically  placed  with  respect  to  the  line  x  =  y 
are  realted  by  equations  similar  to  those  In  Equation  9-6,  because 
one  can  consider  A  ;to  be  a  part  of  the  lower  layer  and  B  as  a 
part  of  the  upper  layer,  or  vice  versa.  Thus,  the  boundary  condi¬ 
tions  on  the  layer-layer  Interface  for  symmetric  strain  states 
are  as  follows:  '  • 


=  ^B 


(9.8) 


^A  =  -^B 


u  =  V  =  w  =  0 


at 


X  =  y  a/2,  z  =  t 


where  u^,  v^,  w^  are  displacements  at-  point  A  and  Ug,  Vg,  Wg  are 
are  displacements  at  point  B. 

The  strain  fields  associated  with  and  F^^  in  Equations 

9.5,  are  considered  as  "antisymmetric",  as  under  the  action  of 
these  strain  fields  the  displacements  at  a  point  (x  =  c^,  y  =  X2, 
z  =  c^)  In  the  lower  layer  (Figure  9-2)  are  related  to  an  identi¬ 
cal  point  In  the  upper  layer  (x  =  y  =  c^,  z  =  2t  -  c^),the 

center  of  the  layer-layer  Interface  being  fixed,  are  related  by 
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U 


V 


u 


U 


U 


w 


(9.9) 


The  stresses  at  the  corresponding  points  are  related  by 


r  L  L  L  L  L  L,_,U  U 
‘^'^xx  '^yy  ^zz  '^xy  ‘^xz  *^yz^  ^  ^yy  ^xx 


u  u  u  u, 

■o  -a  a  a  } 
zz  xy  yz  xz 


(9.10) 


If  we  consider  the  layer-layer  Interface  (Figure  9-3) 
under  the  action  of  antisymmetric  strain  fields,  the  displacements 
at  points  A  (x  =  c^,  y  =  z  =  t)  and  B  (x  =  c^,  y  =  c^,  z  =  t) 
are  related  by  equations  similar  to  those  in  Equation  9.9.  Thus 
boundary  conditions  on  the  layer-layer’ interface  for  antisymmetric 
strain  fields  are  as  follows: 


u  =  V  =  w  =  0 


^A  "  ^B 


^A  =  ^B 


(9.11) 


at  X  =  y  =  a/2,  z  =  t 


The  boundary  conditions  on  the  lateral  faces  are  prescribed 
on  the  consideration  that  these  are  material  planes  of  symmetry. 
However,  one  would  encounter  a  difficulty  in  prescribing  the  bound¬ 
ary  conditions  on  the  lateral  faces  for  the  strain  states 
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represented  by  and  P^^  in  Equations  9-5,  because  these  faces 
would  no  longer  remain  as  the  material  planes  of  symmetry,  and 
would  not  fall  In  any  case  of  Table  9-1.  To  overcome  this  dif¬ 
ficulty  one  could  solve  four  associated  problems:  with 

boundary  conditions  in  Equation  9.8  on  the  layer-layer  Interface 
and  boundary  conditions  in  Table  9-2  on  the  other  faces;  E^^ 
with  boundary  conditions  in  Equation  9 . 9  on  the  layer-layer  inter¬ 
face  and  boundary  conditions  in  Table  9-2  on  the  other  faces; 
and  two  other  similar  problems  with  ^2'^’  Appropriate  combination 
of  these  four  associated  problems  would  give  the  solution  for 
strain  states  P^^  and  ^22)  Equations  9.5.  Uncoupling  of  P^^ 
and  P22  would  give  the  solution  for  composite  strains  E^^ 

^22’  Alternately,  one  could  consider  a  model  similar  to  the  two- 
layer  model  and  prescribe  the  boundary  conditions  in  Table  9-2 
to  obtain  a  direct  solution  for  E^^  ^23' 

The  boundary  conditions  on  the  face  z  =  -  t  for  the  one- 
layer  model  could  be  prescribed  on  the  assumption  that  the  influ¬ 
ence  of  the  layer-layer  Interface  has  attenuated  at  this  distance. 
As  a  result,  the  boundary  conditions  on  this  face  correspond  to 
those  existing  in  unidirectional  composite.  It  should  be  pointed 
out  that  the  choice  of  the  distance  z  =  -  t  of  this  face  from  the 
layer-layer  Interface  is  arbitrary.  One  could  as  well  consider 
any  distance  equal  to  an  Integral  multiple  of  t  for  this  purpose. 
If  this  face  were  to  be  located  at  z  =  0 ,  -  2t ,  -  4t ,  etc.,  then 
the  boundary  conditions  for  this  face  would  be  Identical  to 
those  described  for  the  two-layer  model  at  z  =  0  in  Table  9-2. 
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On  the  other  hand  if  the  face  were  to  be  located  at  z  =  -  3t, 
z  =  -  5t,  etc.,  then  the  boundary  conditions  on  this  face  would 
be  identical  to  those  for  a  face  at  z  =  -  t. 

Based  on  the  above  considerations  the  boundary  conditions 
for  the  one-layer  model  are  stated  in  Table  9-3. 


9.5  Microstresses  for 
Cross-Over  Solution 

The  microstresses  for  the  cross-over  models  corresponding 
to  an  applied  system  of  composite  stresses  can  be  found  from  the 
microstress  solution  for  the  composite  strains  by  either  method. 
The  solution  procedure  could  be  either  analytical  if  one  could  be 
found  or  a  finite  element  solution.  In  the  latter  case  the  [B] 
matrices  in  Equation  9.1  are  first  found.  The  [A]  matrices  in 
Equation  9.^  can  then  be  obtained  by  determining  [C]  by  Equation 
9.3.  Care  should  be  taken  to  omit  the  coupling  terms  correspond¬ 
ing  to  the  normal  stresses  and  shear  strains,  shear  stresses  and 
normal  strains,  shear  stresses  and  those  shear  strains  that  do  not 
correspond.  This  is  necessary  because,  the  models  in  both  methods 
represent  only  one'  half  of  a  periodic  domain,  and  stresses  in  the 
other  half  of  the  domain  are  complementary  to  those  in  the  domain 
considered  by  the  models. 

For  the  two-layer  method  the  above  procedure  is  directly 
applicable  as  the  [B]  matrices  (Equation  9.1)  are  determined  dir¬ 
ectly.  On  the  other  hand,  for  the  one-layer  method  one  has  to 


Table  9-3.  Boundary  Conditions  for  a  One-Layer  Model. 


w(x)-w(a- 
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determine  the  stresses  In  the  adjoining  layer  from  the  stress 
Identities  In  Equations  9-7  and  9-10;  the  solution  should  then 
be  uncoupled  to  obtain  the  [B]  matrices. 

Using  the  [A]  matrices  obtained  for  the  cross-over  models, 
the  Initial  yield  surfaces  can  be  constructed.  The  procedure  for 
the  determination  of  the  Initial  yield  surfaces  Is  Identical  to 
that  outlined  In  the  preceding  chapter.  The  procedure  remains  the 
same  except  the  [A^]  matrices  In  Equation  8.35  should  be  replaced 
by  the  new  cross-over  [A]  matrices. 


CHAPTER  X. 


RESULTS,  DISCUSSION,  AND  CONCLUSIONS 


On  the  basis  of  the  formulations  made  In  Chapters  8  and  9, 
a  multilayered  composite  the  layers  of  which  are  made  of  unidirec¬ 
tional  flber-relnf orced  boron-aluminum  composites  with  fiber  volume 
fraction  of  0.3j  has  been  analyzed.  The  [A]-matrlces  corresponding 
to  the  regular  solution  have  been  determined  from  Equation  8.34 
by  using  the  results  obtained  earlier 'In  References  [16]  and  [17] 
for  unidirectional  flber-relnf orced  composites.  The  [A]-matrlces 
corresponding  to  the  cross-over  problem  (Equation  9.4)  have  been 
obtained  by  using  the  two-layer  method  discussed  In  Chapter  IX. 

The  solution  Is  found  by  using  the  finite  element  method  [20], 
with  finite  element  mesh  shown  In  Figure  10-1. 


10.1  Results 


A  computer  prlnt-out  of  the  microstresses  a  a  ,  a 

XX ’  yy ’  xy ’ 

their  hydrostatic  component  a  =  a  +  a  +  a  and 
xz’  yz’  ^  kk  XX  yy  zz’ 

the  equivalent  stress  5  corresponding  to  the  composite  stresses 
Sii,  S225  233»  ^12’  ^13’  ^23  units  are  shown  In 


(130) 
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Tables  10-1  to  10-6.  In  these  tables  the  microstresses  are 

printed  as  SXX,  SYY,  etc.  Instead  of  ^  ,  etc.;  the  hydro- 

XX  yy 

static  component  as  SKK  instead  of  the  equivalent  stress  as 

EQS  Instead  of  the  composite  stresses  as  Sll,  S22,  etc.  in¬ 
stead  of  ^22’  etc.  Each  line  in  these  tables  shows  the 

microstresses  in  four  successive  finite  elements  printed  at  the 
beginning  of  the  line  under  the  column  ELTS  (for  example,  for  the 
line  containing  53-56  under  ELTS,  the  first  8  entries  correspond 
to  the  element  53 j  second  8  entries  to  element  5-4,  third  8  entries 
to  element  55,  fourth  eight  entries  to  element  56).  The  element 
positions  in  these  table  are  as  shown  in  Figure  10-1.  It  should 
be  noted  that,  the  elements  not  visible  in  Figure  10-1  are  direct¬ 
ly  located  below  the  immediate  lowest  element  visible,  and  may  be 
in  one  of  the  other  three  rows,  the  elements  being  numbered  sequen¬ 
tially  in  the  positive  direction  of  y-axis  in  the  lower  layer,  and 
in  the  negative  direction  of  the  x-axis  in  the  upper  layer. 

The  non-zero  components  of  the  microstresses  in  the  matrix 

at  the  fiber-matrix.  Interface  in  the  lower  layer  are  plotted  in 

Figures  10-2  to  10-7  at  two  sections,  y  =  a/8  and  a  =  7a/8,  for 

the  cross-over  problem.  The-  stresses  n  ,  n  ,  a  >  a  >a  ,a 

°rr’  °ip(p^  ^yy*  °r(p^  °ry’°(i,y 

are  in  radial  coordinates,  the  r<|)-plane  being  lying  in  the 
xz-plane,  r  measured  from  x  =  z  =  0,  measured  in  the  anti-clock¬ 
wise  direction  from  the  x-axis  (Figure  10-1).  The  corresponding 
regular  solution  is  also  shown  for  the  purpose  of  comparison 
(except  in  Figure  10-3). 

The  initial  yield  surfaces  based  on  both  the  regular  and 
cross-over  solutions  have  been  constructed  in  the  sub-composlte- 
stress-spaces  Sn  -  S22,  Sn  -  S33,  Sn  -  S12,  and  Sn  -  S13 


KICPCSTRESS  CllSTRIBUTJaN  fCR  COMPOSITE  STRESS  Sll«100 


132 


I 

o 

.-I 

iJ 


I/I 

S 

s 

IS 

in 

m  01  #>4  0* 

0* 

r- 

0* 

r- 

n 

o 

40  9‘ 

>0 

to 

IS 

CO 

n 

lO  IS  CO 

/4 

^  1*1 

m 

o  o*  IS  4#  !*•  in 

ooiOf^isv>o*a)r»v)V)in 

o 

m  m 

fn 

m 

m 

m  in  m  fs 

rj 

r- 

f4 

fg. 

h- 

SI  m  n 

<0 

tn 

in  in  tn  s 

00 

in 

•r  «r  in  in  CO  n* 

’Otfi'T'rminintnininin.in 

Ul 

m* 

mm  ^ 

mm 

y£. 

•i>  Ift 

>0 

m 

S' 

u  m  s  »A 

•V 

o 

O 

•4 

(S  f*-  m 

r** 

S 

s 

s> 

Oi 

IS  9 

m 

IS  -o 

9 

9  ^  -g  9  9 

^'r>D'>tn9'*>4v«r'09in 

•s 

t 

^  ^  r  t 

•> 

•O 

s 

IS 

o 

«>« 

n  N 

> 

44 

0* 

«»« 

S)  tn  N 

m 

N  9 

0* 

r*  V)  9  1*1  9 

9'Df**>0'n-i*9Rt'^'t’ntn 

tA 

•s 

s 

•  s 

•4 

-m 

-s 

>s 

44 

•'V  44 

> 

O 

o 

o 

o 

o 

u 

o  o  o  o 

O 

a 

o 

IJ 

o 

o 

o  ri  o 

o 

o 

o 

o 

c 

0 

0 

0 

CJ 

CJ  O 

9 

O  9  O  O  *9  O 

cJ09«JOOO^«'«OCJtJ 

0 

0 

o 

w4 

v4 

o 

o 

2 

2 

2 

1 

o 

IS 

in 

rs 

o 

<0 

a  IV  '0 

o 

IS 

IS 

44 

1 

1 

2 

1 

m4 

IS  m* 

o 

0 

1 

1 

0 

0 

1 

0 

0 

1 

2 

3 

1 

1 

1 

1 

1 

1 

1 

H 

VI 

1 

1 

1  1  1  1 

1 

' 

1 

-4  .4 

, 

(  1 

1  1  1  1  1  1  1  1  1  1 

> 

K 

v> 

IS 

0,0 

o 

o 

o 

o 

o 

o  o  o  o 

o 

o 

o 

o 

o 

o 

0 

0 

0 

o 

o 

o 

o 

0 

0 

0 

0 

9 

0 

0 

o 

O  O  O  O  O  O 

oooooooooooo 

o 

o 

o 

01 

o* 

O' 

c 

o  o  0* 

K 

0* 

44 

•0 

O  n 

s 

m 

IS 

44 

7 

0 

S 

3 

CD 

0*  44 

IS 

O  m  rT  rs  <0  0* 

1 

1 

1 

7 

1 

0 

A 

1 

9 

7 

6 

3 

V) 

•nt 

1 

•V 

1 

•s 

1 

1 

1 

• 

1 

^  «S  1  1 

1  1 

1 

IS 

44 

44 

1 

44  44  44 

1  t  1 

44 

44 

1  ^ 
1 

44 

44 

4V  1  44 

1 

44  44  ^  1  4«  4«  1  )  1  1 

III 

> 

« 

•o 

o 

S7 

<1 

in 

VI  O  40  S) 

SI 

rg 

« 

IS 

00 

« 

n  IS  « 

s 

0* 

s 

0 

6 

0 

A 

S 

44  14. 

1*1 

0 

7 

2 

2 

3 

0 

O440*r*490rvf-4*4i44rs9 

> 

VI 

S' 

1 

S' 

1 

s 

1 

1 

S 

1 

S' 

1 

s 

1 

s  s  s  s 
i  t  1  1- 

s 

1 

n 

rg 

IS 

I  i 

rg 

IS 

44 

4* 

44 

1 

rg 

IS  m4 

44  1  IS  (S 

mm  44 

X 

•■4 

M 

CM 

o 

e 

S' 

m  ^  O'  CD 

« 

IS 

in 

O' 

O'  n  o 

g> 

n 

44 

IS  s>  r*  CD 

111 

IS  CD 

in 

0*  m  44  m  44 -0* 

srisviinmoo^cscv-vm 

X 

o 

o 

o 

O 

o 

O' 

o 

0  0  0*0* 

0* 

o 

O 

O' 

tf) 

^0 

in  -s  IS 

O 

CD 

r* 

S) 

in  s  n 

o 

O*  h4 

•o 

m  in  in  o  CO 

1‘4-omminvnininininintrv 

VI 

*■» 

«4  «4 

4.4 

w 

4l 

44 

v> 

fl'l 

s 

n4 

«>4 

m 

v>  m  >4  o 

o 

r- 

O' 

f"- 

s 

o 

r-  !*•  0* 

V3 

CO 

QO 

n  s  n  O' 

r- 

f  m 

f*> 

CO  0*  rs  rT  h*  in 

OOg^a3»sr».^99  9rnrg 

9 

n 

m 

n 

m 

oi 

r' 

m  in  m  rg 

IS 

r- 

fg 

r«- 

m  n 

00 

f- 

in 

in 

in  in  s 

CO 

r*  40 

in 

m  m  CO  r» 

^oinACRrinminininuMnin 

Ul 

V4 

w 

•-< 

r-4 

*4  <-4  .H  P-g 

44 

X 

in 

s> 

fM* 

in 

CO 

CO  in  s  S 

n 

r» 

0* 

f'k 

o 

44 

44  n 

n 

n 

o 

O'  IS  CD 

g> 

IS  V) 

o 

o*  v>  r*  o*  o  ^• 

44^iOO'9r«o*is9«ntneo 

X 

s- 

S' 

s 

s 

S' 

s 

s 

s  s  s  s 

s 

S) 

rg 

o 

1'* 

in  rs 

s 

m 

44 

0* 

r» 

gj  m  44 

m 

rg  o 

r«  «  rs  m  44 

ocof«>v)in9«>rinin'winin 

VI 

44 

44 

44 

44 

44  4« 

44 

M 

> 

VI 

N 

o 

o 

o 

o 

o 

o 

o 

o  o  o  o 

o 

o 

o 

O 

o 

o 

0 

0 

1 

o 

o 

o 

o 

0 

0 

0 

0 

o 

0 

0 

o 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1 

1 

0 

0 

0 

o 

o 

o 

*4 

o 

o 

N  IS  IS  -4 

c 

IS 

m 

IS 

o 

O  IS  >o 

o 

IS 

IS 

44 

1 

2 

1 

IS  IS 

o 

0 

1 

1 

0 

0 

1 

0 

0 

1 

2 

3 

1 

3 

3 

3 

A 

3 

3 

X 

VI 

1 

1 

1  1  t  1 

1 

1 

! 

44  44 

)  1 

1  1  1  1  I  1  1  1  1  1 

► 

X 

V) 

IS 

o 

o 

o 

o 

o 

o 

o 

o  o  o  o 

o 

o 

o 

O 

o 

o 

0 

0 

0 

o 

o 

o 

o 

0 

0 

0 

0 

o 

0 

0 

o 

O  O  O  O  O  O 

C 

0 

0 

0 

0 

0 

0 

0 

c 

0 

0 

0 

o 

o 

o 

O' 

O' 

O  O  0*  03 

o 

0* 

44 

gi 

p4  in 

s 

IS 

44 

7 

0 

9 

5 

OD 

O*  44 

IS 

O  ^  m  <  V)  CD 

44440<orscs*0'^rs44  44  0 

N 

I 

I 

^4 

t 

1 

1 

1 

*4^1  1 

1  1 

' 

IS 

44 

44 

1 

1  1  1 

44 

44 

44 

1  4< 
1 

44 

4*4 

mm  1  44 

444«4«  I  r-l  1  1  1  1  1 

1 

.> 

in 

S) 

tn 

m 

s> 

•0 

m 

m  <o  S) 

<s 

o 

rg 

CO 

e 

3 

3  ■ 
8 

^- 

s 

O' 

s 

A 

0 

9 

0 

in 

44  r» 

m 

0 

7 

2 

2 

3 

0 

V>440a>90'^'J’9  9  9.^ 

> 

VI 

s 

t 

S' 

1 

s 

f 

s 

1 

s 

1 

s 

1 

s 

1 

s  s  s  s 
(ill 

T 

rn 

IS 

rg 

1  i 

IS 

rg 

44 

44 

44 

1 

fv 

rg  .4 

44 

44  i  rs  rg 

44  ^4  ^m 

X 

••4 

fS 

fS 

o 

O' 

S' 

f4*,  -4  c*  ■n 

.s. 

03 

IS 

S' 

m 

tr 

O'  rg  in 

f'4 

cn 

44 

IS 

sO  r»  CO 

m 

IS  CD 

m 

O'  in  9  m  -4  0* 

^rsv>iniso*»4csism<*isr 

X 

o 

o 

o 

o 

o 

cr* 

o 

O  O  0*  O' 

o 

o 

o 

o 

03 

•o 

m  S’  IS 

o 

O' 

GO 

|4 

-o  tn  s  n 

o 

O'  r** 

lO 

in  m  m  sr  o  CD 

i'4<oinininAnininininmin 

W1 

•N 

-< 

v4 

•s 

*■* 

4l 

mm 

p.4 

VI 

m 

<n 

s 

<n 

IS 

in 

s  ri>  O' 

o 

r- 

o 

1? 

o 

f**  r*  o 

o* 

03 

CO 

n 

s  m  o 

h* 

fll 

Is 

CO  O'  1*1  in  *R*  m 

OO'C'eD9P*»G0C0C0<rCDlQ 

9 

m 

(A 

m 

01 

Ol 

m 

n  m  n  <s 

rg 

r* 

r» 

n- 

h- 

g?  in  s 

to 

'O 

in 

in 

m  m  m 

GO 

r-  o 

in 

-T  in  m  CD  ^ 

oin>r«rinin-j'Ars**r'Vsr 

Ul 

*4 

^  ^  «g  m4 

44 

X 

in 

>0 

s 

03 

f**  m  s  s 

n 

fg 

o 

o 

o* 

o 

o  m  *4 

>o 

n 

m 

in 

CO 

pmt-m  ^ 

40 

rg  'O 

O' 

r-  m  V3  CO  CJ  f*4 

44mv>o'rginAr'9in.r<VAf’ 

X 

s 

s 

s 

s 

s 

s 

s 

s  s  s  s 

s 

fj 

s 

IN 

o 

m  rg 

S' 

n 

44 

O' 

«o  m  44 

m 

rg  C3 

«3 

V)  'T  <s  1*1 

Qcor'>v>inrr.  «o«.0-O'wV> 

Vi 

44 

44 

44 

44 

44 

44  44 

44  44 

44 

IS 

> 

VI 

o 

o 

o 

o 

o 

o 

o 

o  o  o  o 

o 

o 

o 

o 

o 

0 

0 

1 

o 

o 

o 

o 

0 

0 

0 

1 

o 

0 

0 

o 

O  C^O  44  o  9 

0 

0 

0 

0 

1 

1 

0 

0 

c 

0 

0 

0 

o 

o 

o 

•4 

o 

o 

2 

1 

2 

1 

o 

IN 

n 

IS 

o 

g} 

IS  <0 

o 

IS 

IS 

4« 

44  IV  44 

44 

IS  IS 

o 

0 

1 

1 

0 

0 

1 

00'MlV9-4lSCS999rS 

X 

VI 

f 

t 

fill 

1 

1 

1 

44  44 

1  1 

1  1  I  1  1  t  1  1  :  i 

> 

X 

VI 

IS 

o 

o 

o 

o 

o 

o 

o 

o  o  o  ^ 

o 

O 

o 

o 

o 

o 

0  0  9 

o 

9 

o 

o 

0 

c 

0 

c 

o 

9  O 

9 

0 

e 

t> 

c 

0 

D 

0099f>90090  0  9 

•>4 

o 

o 

-4  —  0  0* 

o 

14 

o 

c* 

S) 

^- 

IS  S  S7 

m 

IS 

o 

•4  O  I" 

CO 

O'  44 

mm 

9 

3 

6 

6 

6 

8 

•HOO'O'T'^iii'^inininin 

IS 

VI 

*■4 

1 

I 

•>4 

■4 

J 

1 

I 

i 

^  -g  -4  1 

1  1  1 

1 

eg 

44 

44 

\ 

^4  44  *4 
1  1  1 

44 

44 

^4 

«4 

I  44  44 

I  1 

mm 

44 

1  4* 

1 

44  44  44  1  44 

I 

> 

in 

in 

in 

m 

in 

m 

in 

s  m  vs  in 

in 

CJ 

CO 

rg 

CO 

■33 

3 

3 

a 

s 

O' 

in 

O 

o  o  s 

m 

44 

f*1 

o  f4  (Sg  44  9  9 

6 

2 

a 

a 

A 

0 

8 

7 

7 

A 

6 

6 

> 

V* 

s 

1 

s 

1 

s 

1 

S' 

1 

S' 

f 

S' 

1 

s 

1 

s  s  s  s 
till 

s- 

1 

n 

rg 

IN 

1  1 

•s 

rg 

"4 

1 

IV 

IS 

44 

44  1  rs  IS 

44  44  44 

X 

<s 

»-4 

fV' 

rg 

s 

4^  — «  ^  TT? 

4- 

m 

IS 

s- 

m 

O' 

O*  IS'  If* 

•o 

IN. 

n 

o 

rg 

^  fW  fw 

m 

ni  CD 

in 

®  Ml  O  in  44  0* 

-V44^uirgC7*i*'fn99fn9 

X 

o 

o 

o 

O 

o 

o 

O  O  o  O' 

o 

o 

Cl 

o 

CO 

nO 

in  s  rg 

o 

O' 

CO 

r» 

>o 

in  s  m 

o 

0*  f- 

>0 

in  in  in  'T  o  CO 

r-^mmmvininintnLnin 

v» 

^4 

•b4 

f>4 

.- 

44 

44 

4- 

44 

44 

V) 

n 

m 

fS 

V. 

s  in  -4  O' 

o 

r«. 

o 

ITJ 

S' 

-« 

3)  33  O 

o 

<7* 

CD 

CD 

n 

S  s  -4 

CD 

r-  m 

fs 

CD  O'  f*1  *0  rR*  in 

oov5CD9crj%r-^'^'^'Vin 

9 

(n 

ro 

:V| 

01 

in 

m 

m  n  n  rg 

rg 

fg. 

4- 

r*- 

•o  in  s 

CO 

r*- 

V3 

in 

m 

m  m  gi 

(D 

o 

in 

^  tn  m  so  r» 

’Oin-v^inm^Rt'T-v  •rs* 

ui 

^4 

^4  ^4  ^4 

44 

X 

VI 

tn 

■0 

in 

•n 

a 

CO  s  n  n 

•N 

u 

o 

V 

00 

o 

O'  IS  -« 

n 

m 

in 

O' 

o  V)  m 

VI 

m  in 

O' 

■aoinvi'Oor- 

09g3>*44csv)'^inin-gr'- 

X 

s 

s 

s 

s 

S 

s 

S  s  s 

S 

s> 

S' 

IS 

o 

r- 

S  IS  I 

s 

fO 

>4 

O' 

p** 

•O  ^ 

m 

rg  O 

ir 

♦4.  ^  4-  rs  9  44 

OfOi'4Cin9i''-r'-*'*f'-r»  O 

VI 

4l 

-4 

«4 

44 

•“* 

44 

44  44 

44  44 

44 

IS 

s 

o 

o 

o 

O 

o 

o 

o 

o  o  o  o 

o 

o 

o 

o 

o 

o 

c 

0 

0 

o 

o 

o 

o 

0 

0 

0 

0 

o 

O  9 

9 

000090 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Cl 

0 

IS 

o 

o 

o 

^4 

o 

o 

(M  ^  r.;  <*4 

o 

IS 

n 

•s 

o 

o 

O  rg  ^ 

o 

IS 

rg 

44 

44 

-4  IS  44 

44 

rg  IS 

O 

9  ^  44  O  O  44 

09-*rg944/^4444m4444 

X 

V) 

1 

' 

1  t  I  1 

t 

1 

1 

44  44 

)  1 

1  1  1  I  I  1  t  1  1  1 

>- 

X 

VI 

IS 

o 

o 

o 

o 

o 

o 

o 

0 

c 

0 

c 

o 

a 

o 

o 

o 

o 

0 

0 

0 

o 

o 

O 

C3 

O  O  O  O 

o 

0 

0 

o 

0 

0 

0 

0 

0 

0 

oooooooooooo 

*-4 

rs» 

rg 

•-4  rg  ,4  o 

c  r- 

0* 

o 

in 

r- 

fi>  r** 

IN 

o 

'O  IS  ^  CO 

so 

O'  44 

44 

9 

2 

7 

7 

6 

8 

ooOjnin-c-444  44-4033 

IS 

VI 

1 

1 

1 

1 

1 

^  ^4  r*« 
1  1  1  1 

1 

<s 

44 

t 

44  4^  mm 

i  1  1 

4  1 

I  4«  44 
»  ^ 

44 

1  44 

1 

^  mm  ^  1  mm  m4  mm  mm  -4  mm 

>- 

V' 

m 

in 

VI 

ir 

s 

S'  in  m  IT 

n 

fT' 

4, 

rg 

sC 

CD 

Ai  fT*  on 

o 

s 

O' 

IT 

S  o  'f 

in 

IS 

r* 

44  CO  9  44  9  o 

^O'SOSOAVOOOO'O'fiCr'- 

>• 

VI 

s 

1 

S' 

1 

s 

f 

vt* 

\ 

s- 

1 

s 

1 

s 

1 

V  S  S'  f 
1  1  1  1 

s 

1 

*n 

r>j 

rj 

I-. 

I  1 

n* 

IS 

44 

44 

44 

1 

IS 

M  -4 

44  1  IS  IS 

•mt  mm  mm  mm  m^i 

X 

nj 

m 

IS 

^4 

O' 

rs  •-»  o  cc 

CD 

n; 

S 

in 

O' 

cr  rg 

s 

IT' 

r> 

rg 

'0  r- 

m 

IS  P«- 

•n 

CO  n  o  »»’  44  O' 

^f44g3.yrgfDininmv'i*'cs 

X 

o 

o 

o 

o 

o 

o* 

o 

O  O  O  O' 

o 

i  J 

rj 

o 

VI 

in  s  n» 

o 

1^ 

■o 

•» 

•O 

m  s  n 

c 

O'  r- 

v» 

in  m  m  -t  o  00 

h*  giv'mm*finir'u>ir>inv' 

VI 

«-> 

r~4 

^4 

44 

44 

44 

VI 

s* 

'V 

eg 

^0 

a 

s 

n’ 

«g  S5  o  -♦ 

n 

n- 

o 

o 

*r 

iiO 

rg  o  O 

s 

c»3 

eg 

o 

o 

s  ci>  rj 

</ 

c>  'X 

CD 

IS  •«0  13  >r  05  OJ 

C  C7  'f  ri  O  ®  rg  4J  o 

►- 

IS 

IS 

«S 

Ki  n  •T 

s 

V 

IT 

</ 

S' 

V} 

r-  r-  'll 

03 

CO 

O' 

O' 

C7. 

C3  O  44 

>4 

rg  IS 

IM 

Hi  9  •v  V  .r  n 

Vi  o  -o  o  f-  r-  «»“>  CD  O'  o  o 

44 

44  44  )H 

44  44 

44  mm  "4  44  mm  *4 

444444  4-  44  44  44  4-l4-«-44-«rg 

uu 

1 

VI 

1 

Q% 

< 

m 

t 

r>M 

1 

1 

u . 

(III 

'I'  fO  *4 

1 

1  in 

1 

h' 

f 

n 

1 

I 

1 

1  I  1 

•  4  41  4» 

t 

1 

v* 

1 

o* 

P-. 

III 
-4  V\  O' 

1 

p. 

1 

in 

1  1  1  1  1  1 
•>  9  n-  4-  lO  r» 

9  p»  <-*  m  c*  9  r-  4i  *»'  tr  9  r* 

«N 

eg  iM  oi  n  s 

s 

s  m  m 

•o 

v* 

f'» 

to 

O) 

03 

O' 

O' 

O  O  CJ 

■  ^ 

1  -4  IS 

(S  r.1  ri  9  vf  sT  >V 

u>  Ul  -o  o  0  r**  r*-  CO  9  <7.  j> 

44  ^  4l 

'  4« 

1  44  44 

44 

44  44  4|  44  ^  44 

1  44  mi  tm4  44  44  mm  •m  4l  44  m4  44 

133 


rnr>9aor*><4im<ff^rvir^r»iA4A<nfn^  *^,q  •^oooso^ata^oto^ok 

^  ^  ^  ^  ^  ^  ^  O  ^  ^  ^  ^  ^  ^  ^  >0  (D  O  ^  -O  -9  O'  O  ^  ^  ^  ^ 

^'O'O  O  9'^’^'^‘A'A‘A  O-Qf^P^f^  O  ^'O'D'D'Q^'D^ 

'■^  'M'Ji>IN-M-'»-M'M<'4'>J<VN 

*-^0<J0a0ir'jrM*-»w.-*0-^«^i>jfHn*m*^*«0O0OO0Or»0OOO 


e 

o 

CJ 


I 

o 


u 

•J 


I 

m 


u 

a 

u 


^  I  )  I  I  I  I  111(1  I  I  I  I  I  I  I  I  I  II 

1^00000000000000000000000000000000000000 


Kioo«r-4ao<0'^(MOOir\ 

•a  1  1  I  1 

u>  I  1 


Ai-4a}tAfni>4Or-ttA«M9'iA<MOfNi«rn>p*>^OO9*OOO0'OO 
I  i  f  I  I  I  t  I  I  I  I  I 


••  *1  ll«ltlllll 

><9•u^r^Jc^J(Mf^i<\lfn<>f‘(A<^|fMr^ir^t<rt<n•r<f-«Mfn•r«r•f*rmf«^(^lMfsif^if^JfM|«1mrorAt*lfn 


X«0'4>^NfA'<^<iftAlA'CC!>fVJ(V^<4‘«^l/>lAU>OO^f^*f'^lAU>r»h»000D<7'O(OCD40(D09fl0 
Ku^lr>t^lAu^lAtf>u^l/^tf^l»^u^tntAu^u^ml/^sru^lAlAtAtf^tf^1i^cD'SeococDcooeD<9a^eoco 
^  rNjrgrsjrsjrg(\irsir>jrsj(Mi\.t>4 

(\irviri4<N(rarMrv<Mrsjf>jrMrg 

^wf^<><viA(n<Dac}wroa3<>i*^*oo3e'«>4rn<oo'T'Oc^o>-««r<>4*-4(«^mmf«'fMrArAfn(«>rM 
**0'®'*•iA*A^/^^AA<l0O^tAU^U^W^l^»^■^><«^^A^Al'^|/“^'0^^WC0^0Cf3^0WOC000CWa^3t) 

rgNrMrgrgcstcsjNojrsioinj 

^OOOp^^^a^OOOOOf-tAJ^^^^OOwcsir^CMOjf^OOOOOOOOOOOOO 
(/) 

5  •  1(11(11  (  (  (  (  (  (  (  i  1  1  I  1  1  (  (  I  I  (  (  (  I  I 

^OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 
in 

5j  (  (  (  (  I  (  I  (  1  I  I  I  ((  I  (  I  I  I  I  I  I  I  I 

t/i 

<r»AiA-^rNifnfO*T  >ftf\  ino«^Aif*i«j>>4><9‘irtu>tA<0'0«0'AtA'0'0O'0iA 
Xtf>^tf^l^tf^lf>AlAtf^<AU^;AAtf^tf^i^tU^IA(A(AU^lAlAiAt^^(A□OCOCOeOGOCOCOQiX>(SCDO 

cargfvrgc«jfgfsjrs{fMr.a<MiM 

(AQOQOa30043COCOA^S?CO^Sfl3COCO<DCOCDO^^C^C^C^O'COO'0'0»0'CDC^O'0'0'0'0'0^ 
^  c^rgrgrgiMrgrsirNjrsjrMtvira 

S^'O’C'O'O'O'C'O'O'C’O'O'O'C'C'C'O'O’C'O'OvD^^^^^GDCOCOiaoa’CCCOQCDCDCDCD 

rNifsji\ffNiiM{N)fg(Mpgrgrgrg 

MOOO*^<^000000<-4«->«M^«-«000-^<-4r^<vjfN}*40000000000000 
5  *  I  I  I  I  I  I  I  f  I  I  I  t  t  I  I  I  I  I  I  I  I  I  I  I  I  I  II  I 

oooooooooomooo'^'^oooooooooonooooooooo 

S  (  (  I  I 

in 

ac  in 

X4Atf>tAtAmiAiAin'n»niAAir''Atf>'r\'ntf%u%'Atf><AV»u''»f»in30coccc3co®eo'3'Ococoec‘ 

cvjfgr.4rjf\jrvpf\i*>if>)r\<rvc>j 

rgrMrvjts/rgrgrgr\,*«>j<Mrgr.j 

rgt'j'Njrgrvrgrx^rvjAifNifMrg 

n 

^  Of  ^ooooooooooooc^oooc)oo^*4^t>>4«>4<Mooooooooooooo 

a.  to 

1(1(11  1(1(1  <(■(  llll(  II 

^oooooooc^oooooooooooooooooooooooooooooo 

in 

f^p^oooooo*®f^r^o»9®®®r>-r«h»®oh>N^r^f'»®cDtnir<r<^mmf*^mfN«rsirM(M 

v> 

^  w-4  •-» 

V) 

xrgp^^f^(ri(>rirop>.’fom^i,^f*'fnfri'^'*i<niA»f'Nr'T'»r>^'r-»«H^ooor»ooCiOo*-« 
KiAtoiAir. 

fsj  p\j  fvj  isj  M  r\T 


o 

o 


>-  o  o 

X 
VI 


<NjrMfvjrgrgcv»cNifgrM<MpsjrNj 


«A,y®^JOO^f®f^Jor''T®Mot>'r«lvo<'.^4oolMoo>r®p'Joo*ro3^i'PO'^®r' 
►“OO  »■•»-<  <'J  •MfN*  r’ '^'CNr-f  T.  lAO-Ov)  p^p•®C2ct^^^ '7- <jOo*-<*^rjrMfMri/ON?--^»fiA 
^  fv  Pvp  fM  rvj  r-j  fs;  fv  (Nj  PC  r4  og  fv  rvj  rj  <>j  rv  (V(  fvi  (St  T'*  <M  rvj  rsj  n  ri  r>  r)  rt  fo  «**'  r*  ro  r*i  *n  f*\ 

^  (  I  I  '  1  I  '  I  I  <  I  I  I  t  i  I  t  •  t  I  '  !  »  I  I  I  !  I  1  <  I  I  i  t  I  I  t  I 

^  tf'  ipp  r>  — «  lr^  tr-  r»  p-  —I  CP  PI  r»*  U'  O'  m  p-  *-1  4A  tr  (A  <r  Hi  r-  — 4  to  </•  ^  in  OP 

P'  O  C'  ‘•‘j  ^vj  i'»  ^  -r  -f  lO  uo  o  'C  ^  'll  ®  CP  'p  P'  o  .M  •«  ."M  PI  (\j  f»i 


j 


CRCJS-OVE<«  PRCRLEH.  B-fiL  (VF  =  0.30) 


^  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  if  ^  lO 

UJ^OIfM^N^<^^•>^'N^gfM*^Jr^^ 


r^oooooQOoooooo^^*^^«4^oooooooooooooooooooooooooooooo< 
X  I  (  I  I  t  I 

(/) 

>OOOOOOOOOOOC^OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO< 
K  • 


>OOOOOOOOOOOC^OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 
K  • 

«/> 

N4^^^fM04^4m^nf<^r>f^»rtn^nfloco^•^•^■^^«<o^•^►^-co®«oo‘P^^»^®o*oooo«o^•®o-<*^*H.-«^^n^nooo 

tm4  m4  0^ 

</»  I 

^aoooa>cDc^ooaoaDcoffl50®^Alf>u^»»A^^^l/^u^^^^lf'w>u^*nll^u^4f^t^^u^mu^^f^^f>l^l0^^^^f'^AU^^^«u^*o^^^^f>'T^f^tf'^/''0^■ 

VJfg<M<^irgfsicMrgr>i«MrMrgoj 

^  ^  ^  p<4 


UJ<^JC^^^^^fMfSif^i^^iCJ<^ip^JC^(rsl 


v>«MfMfgfvjfv4rsjfNifMrsjf\iAirg 

> 


MOOOOOOOOOOOOO  —  CMN— —  000000^.^000000000  —  .-<0000 

X  I  I  I  I  t  I  I  I  I  I  I  II  II 

W1 

>ooooooooooooooooooaoooooooQooooooooooooooooooooooo 

X 


K4»4«H>>4f-4OOOOOOOor**0(rt'rrn(M«4< 

I  i  I  r 


^1  g.4  «-l 


>»®®®aD®®®fO®TO®®irk«r»tr»cr»lAlAtAtA»f\U>tAU^»AiA»Atf'tAtAl/>»AirilAtA4AtAJAlA»f»tA4AmtA»^tAtAin*Or» 

</»fg<N<vj<N<N<Ai<M<Nf\j<MWrg 

X(nmfn<nfn<nfn(n<r»fo<n>4’'^<r»JA’0'0»^^^-«r»«AiA>o®'0^»»r»tAtn>noO'C^^*tfN«'®®'0^*^®0'r®o<>J® 

K  0^  ^  0^ 

t/> 

UJ«NiNCgrsif>Jrjrg<Ni<N<‘^irgrs» 

>• 

t/» 

^iooooc»ooooooooAi<Nrvr4<v***oo-*-^*^«-*^*-*ooooo*^-^^oooooo»^»^o*^ooooo 

X  t  I  I  I  I  I  I  I  I  I  )  I  III  lit 


^jj^Qr^OOOOOOOOOOOOOOOOOOOO  'O  oooooooooooooooooooooooooo 

X 

i/y 

3|iiiiiiiiiii  itii  till  till  iiiii  —  i  —-<-< 

lA  I 

VlOlAO'OlOtOO.O>0'OlAV>lA>^».f'tf‘fO*Nf— 

►  ®®®®®®®®®®®®iAir»«><nu^vntAtf>tf>tf>ir»tf>VNtf>iAu%iA»n>Airv»A>AiAiAtf>tf>u%iAtf>vAtA»A-*r4A»niA'Oh- 
iA(MOJ<>Jfvrvjrvjr\jr\jrgfNjr«jrg 

X  .-«  pH  »-4 

cja3®®®®‘^C'C7'cr'7'^^'Avr>'Ainir\irvtA<niniAir»»AiAintf\(Airivr»miAiA«>iAir\i/'u>ir»\n>r»iAu>u>iAir»'^'^tA'0 

uurgcjrsirsjrsjfvjrgfsjr'jrgrva'N 

uOOsjrMrg*>i<Mrsfrg<NjfMi>jrs)rs» 


VI 

♦sjoooooooooooo«<r^j^f’^f^Ajt-<<*>o^^*^<NjAjAiooooo~*'^f^oooc^*^o*^*^ooc'oooo 

X  I  I  I  I  t  f  I  »  I  I  I  I  i  III  I  I  * 

«/• 

>00000000000000000000000000000000000000000000000000 
X 


KJOOP‘000<>00— 

VI  I  I  III  I  I  I  «  I 


>.■J>'BCD^co5^no'^n®on^-^•tf^u^’«f^<«•-*0® 
>cca.‘’®'W®co>KmaicncoXiAif'»Aif.  iA«AU^<f 
vnrgrsirjfsicMCJfvjfMfMCMrjiM 


llii^*-*  llll'^'- 

II  !  I  II 


<-4*^. 

I  III 


If.  m«Au^<fir*n\f'ir'UAmiAir‘mir»uir\iAirir'iAiAiru^iriirivriir\ir»'Air>v>iri'^^** 


vnrgrsirjfsicMCJfvjfMfMCMrjiM 

X  ' 


V>^-«orM»oO'3'tr<''vOO'«'®fM'OC’'tf’®r4»00<r®»M'00'»®*^'0  0'r‘i»AJ<?0'y®<M'00'T'^f^J'00>f®<M-00 

[u  I  I  (  I  I  I  I  I  I  I  I  t  I  I  I  I  I  I  I  I  I  I  I  I  I  t  I  <  I  I  I  I  I  ■  t'  I  I  I  I  i  I  I  I  I  I  I  I  I  I  * 

l-4.-ll^J(\i^^<r'>^■o>r•^.»rmtf'^»w^^*-r*•CD®«0'0'000'-<^-'^^Jl^|f^Jf1|^^^■>f^lf\^f\<0'0-^^•^®®®^^ 


IJO  6C 


CRCSS-OVER  PRCBLEM,  B-AL  «VF=0.30) 


•d 

4J 

a 

O 

O 


CNl 

I 

o 

tH 

M 


O 

u 


ec 

u 


u 

or 


*4  ^"4  aM  ^4 

•^^-4  ^-4^  •4-4«-4 

^•^OO«^*4C9Oc>4r4»^*^fMp4«i4M«M04CJ4)fMO<0O<N*^<^O«4<V«4^OO*«*^OOO 
>1  I  I  I  t  I  I  I  I  I  I  I  I 

^OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 

v> 

^OOOOOOOOOOOCSOOOOOOOWQOOOOOOOOOOOOOOOOO 

*/> 

Mo^p»>^c>j<r^oo*>aoco^fM<co-4C4mr>»f>»4Mr>.u%Oosf^oo«4<^^fvj^^^fig^^ 
^  I  fH^I 

""  I  11  III  1111)1111(11 

^a3o'ifu>u>tr\'or*>v'o(<i'>^tf\'or»o9(/‘o^'^irk^oo^ooo^(i''9'ooo0^ooooo 

^  ^  w4  «>t 

xo(^*4f*>ao^<*1^»(^iu^'TOo0^u^^''ro<t}r\f«^Gsa^(^JCDr^J|/^u>tf^tf^«r'^lAtf^u^lAtAtf> 

XW«N|  w^^rvjrji  «M#4«.«rvj(Mi  | 

^  1  I  i  I  I  I  I  I  I  I  I  I 

Of>a>lr^tf^«9‘'4'U^'Or«a^lnu^(ou^u^<or»«o^r«no^•^.^•^-^-<^Jr4mmK^mmt<^rom(nl«^ 

V%  m*  ^  ^  ^  ^  ^ 

^•-4O0>-4«-i00fJ^(^*-4*^rsiw*-4«-<rvtr4O'0<MO4>OCvi<^rM0**4N<-<rMOOi'^^O0O 
„  I  I  I  I  I  I  I  I  I  ‘ YT  ' 

Moo«Hooooooo^ooooooo^ooooooo*-«ooooooooooo 

5  '  '  '  ' 

>00000000000000000000000000000900000000 

VI 

KI©«0^0<TiO'^«M<7«cor*>0«-4^0<Hrs.*(rt^<)fMr*><009«^>O^O^O^^iMOO«-4*-*t-4«-« 

^  .HI  .H^ 

^  *  *  •  ill  I  I  I  I  1  I  I  I  I  t 

3^®0*4"tf>v\u^'0f^c'0f0i«f4rt*0f^©c'0<'4’^i0'0©c'00t7*0'6‘0000'00000 
xom«H^o^o<*^r^«4A^«ro'<lOl/^0'■'f^«©(^fn©©<^J©f^Jlr^u>u^lf^mu^u>u^u^u^u^u^ 

XC4fM|  W«<#4<V(rsJI  r4-4*Hf\j<\i|  | 

1  I  I  1  I  1  1  1  1  I  1  I 

ON-aou^u^*r*Tl/^«Of^©'rv^u^tf^lrt<C^-©<*>*4^'•^^•^»r»^»^»rvc4t<^fnr<>romfnrofnr^(n 

X^•O0>^O0^O'O<^4'0O©<^i0'^f^nf^<T>^•>4^9'•>09*^*>^>'>^*«f(n©©^u^^«<ou^49 
a^«4fnr«j^  'iOr^9'Oc^fo^ro^r»9i«>4r>«4' 

V)«4lM  .piXaH^  •4»4f4«M 

^^-4OO•^•4OO•-^<^J««4•-4fs»•4^-4«4fM<MO'0^MO'0Ol^^f•^^^^O•^^M*^^f^iOO^H•4OOO 
.^1  I  I  I  I  I  I  I  I  I  I  I  •-•  -4  I 

V)  I  , 

00<-400000000000000000000000000000000000 


o 

o 


X 
VI 

>00000000000000000000000000000000000000 


K|C0*0-.tV\'^Or4-40'®tf> 


V) 


I  w  -M  ^ 


'i0'OP*«a4^(\J'>f<fW»4^OO9'r»©C09>OO^9^(^Oi-4OO 

.•I  ^•4^^W.4a4|  ^.4(MI  I  |r4^^| 

III  III  I  I  I  I 

>oo^invn«r»'V^"i^or'i^*^'U^©^o<Ni»^AAO©^oo^v*^oooo*ooooo 

.4i-<  a4^^>4^i-4*4»4 

X«V»<N|  a4-4,4Cg<M|  •4a4^f\4fM|  | 

11111111(1(1 

v»u>r»,frga'®?»^fnr^r‘-©rsjfnm©©©O0'-«0^Opr»f^a‘"‘-‘7*^-4fntntn^rjj''J'fnfr» 

^  *4p4«4^^p4^p»4f4^i>4^ 

v?.4r<*)rn'>9''Or‘»C'orjmr>jro^h»9^f-<m^ 

V)^<<-4  ^,4«4  « 

•-♦  O  O  — <*-^00^<Ma4.-4f>j-<*4— i<MiMO'Or»jO'00«MmrwOw«Mrgr400«-<*^000 

>•1  llilltli;!  |-4a4| 

l/>  I  I 

MOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 

v> 

>00000000000000000000000000000000000000 

iO 


Ki  O'  o  fvj  'f  \n  o 

ISi  r-l  t  <4 


f^rHO'©t'^®0^^^^'-’'^f'''^0>0'0-^0'^^»^~0'0  000*0'0'000 
I  III  III  III 

lA-./?h»0'Om'ifU'>'0^»'ffl0*O^M-«^U'45O0'OO^ff'0'C'OO0'OOOOO 

^  ^4  ^  ^  ai^  ^4 


>  O'  -4  vn  «4 

>  ®  o  4*  <n  4r» 

t/>  ,4 

xo''^fvj<Mf'-omr-*4^,^0'00>rCT*>rr4«pfsjrrto®rM®f'j^'0«o/)v\vr''0'OsO«ro»o 

jrsji  •4a4a4i\j(Mf  I 


X  rvj  fs)  I 


)4  .4  ,4  rsj  !M  I 


I  <  I  I  I  I  t  I  I  I  I  I 


i-00»4a4fvfvirvjnr'i.r-sf»j-u^tf'>0'0'<)»4f^<B<ooO'C'oc>0»44r>)rsjfMri.. 
«jrvj(MrM<Nrg(Mr\jrsjr\<f\jror\jr'fCMrvjrs;r\4(vrMrsjrvjrM(S4rsin)r>'*>ntfnntr'>p>rir*>(nr04^m 
‘'''(Jiiiiillitlliiiiiiililiiriiiiiiiiiii 
a4  ir»  O'  f''  r-  <7*  r»'  ^  if>  O'  f'“  *4  u>  O'  a4  Ar>  O'  4  IT*  ^  r-  »'»  a4  «/“  n  r»  4  v>  o* 

,0  OO«-<«-4l^Jf^J^^Jr'!nv♦^r«TV^>u'•<C0'0^•^~®m®0■0‘C>OtJ— •<4f\irgc>jmft>^.^.kf 

(^4  ru  CM  rg  (Vi  rg  rsj  fN!  <N  CM  (M  (M  (M  rv  r4  rv  rsi  iM  rv  fM  fM  rsi  (N  r>  m  m  m  fn  r«i  rt  fi  n  m  n  ro 


135 


CPOSS-OVER  PRCBLEM,  B-AL  tVF=*0.30l 


136 

>/)  ^  ^  ^  ^  ^  ^ 

>  lit  I  I  I  I  I  I  I  I  t  I  I  I  f  I  I  I  I  I  I  1  I  I  I  I  I  I  I  t  I  I  I  I  .-«  I  I  ( 

1/J  I 

K  ^  ^«4  I  I 

>00000000000000000000000000000000000009000000000000 


<n 

I 

o 


H 


W^i-i<  f-«i.^  1-4  ^  ^  ^  ,m4 


^  ^*4  •i<4  i^  ^4  «a4  ^  ^  fB4  ^  ^4  ^4  ^4 

wsmi/>inif\ir»if*ir^i/'tr»vr«u>|  i  •■4fv4<Mrnw%  r4p^*vjfN<vjfn  »i4*HCMfgAjtnr*irgfs*(>iiM*H 

''F  I  I  I  I  I  I  I  t  I  I  I  I 

Xf  I  I  I  I  I  I  I  j  -4wf  ^*-»-4*-4r»jt-^|  <-4,Mi-4^f-4rgfg-«^^ 

^  I  t  I  I  I 

O'CO'43'O^'O'C■O'C<O'43^a^<4;^■^»®®(^®^O«0'C<OO^»®O^^>r^^(AlA'Of**O^^>^■'Ok^^lA^^«®O®^•lO<O'C 

Xu>'<0(r«u^®f**f'>fMor*irtLrtoj<M<0'0^oc\j®iAO«o^o®®«rou^»4ov«of^o<4>ofn<ou>(4^o^<o*o***Ai— «^mo 
XO'00®'0^«0'0'0'0'C'ON'^'0®f^trv®o^ior^o^«*^-oo^ifv^®o«>4fnu^r^^p>»OA«*4<N4rg«9’'0®>o^<*^o40 

>  I  I  I  I  I  i  I  I  1  I  I  I  I  I  I  I  I  t  I  I  I  I  I  1  I  I  I  I  I  I  I  I  t  I  I  I  I  I  t  I  i  I  1  I  I 

X  .H  ^  W  I  I 

</) 

>oooooooooooo«-4«4^«H^«M^ooooooooooooooooooooooooooooooo 

X  I  I  I  I  t  I  I 


>^.p4^^00w.~(0000'0«^<4’<7*  —  ''  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  ^  e^t  .fK 


if>  c^ 
o  ®  r* 


cg(^4<n^f>  ^^(^J(^J^Jr4^(^J(^JC4^J<M^ 


i^'0»0-0'0'0'00*i0'0^'0'0|  I 

I  I  i  I  I  I  I  I  I  I  I  I 

X^M#MfM<SI•4O^^f”*^OC»O^^JO<»<N'^^A^•‘-•U^®•H^a®O«f0U^ln®10l-4»-4^4•4*f4^^»^^^<^^*>^J•-4•-4-4^nO®«CO 
XI  I  I  I  I  I  I  I  .H-Hi  i#M«p4rs4«r->4t  •-4.-4rv<Mfn*«4i  p^rvcgcMfsio*)  •-4fsjr<4<NiiMfr»(Nj(v4*-**-**«* 

W1  II  I  I  I 

4/i®®®®®®®r«>®< 


•  III  I  I 

UI«4<-4«-«*4^^«-4«»««M^<-I«-4  «-*  <-4  •-•  ^ 

XO'0®oo»4u>'0<j^r>4cgifitf\w<N^fn»4c»i>o<'4tAf*»r»p^*~**^Ofnsr'f®'yof^-fi7‘Om»^^f*^^*'0‘O^Of*^ir 
i/f  ■  m4  0^  C4  f\4  «4«M#^i-4(M  •«Ii-4  •-♦ 

>11111)111111  1(111)1  I  I  I  I  I  I  I  I  )  )  I  I  I  •  I  I  I  I  I  ))  I  I  t  I  I 

</) 

MOOOOOOO^O•HOO'0^^^“^00*'^O^M— 

X  •4^—1 


;«^0n00000'*3000 


f-  f*  r-  o  o  sT 

-«-4>-4^ooooooooo<^oo'5000oooor>oo'Dooooooo 
I  I  I  I 


u 


D 


»4— ««~i  *-4^ 

V^'03D®^'0^'0'0'0'00|  I  ^ii4rM«<>rn  ^*-4fv4tvfn  »"4»Hi-ifN4r^rnojr>jrwi'4^ 

I  I  I  I  I  I  I  I  I  I  I  I 

Xf  I  I  I  I  I  I  I  -<*  I  t^-Hp^rn-^-^l  •-ifMfMfgrOi-»|  >-*pgc>arNJfM^|f-4CN4fvJfvJtMf\JmfMfwC\»>-«»4 

m  I  I  t  I 

tl|»H»4o4«>4^«>4«H>4>^^<>4>M  W*-*^  .H<-4  >4,-4  >^i-l 

»s^O<JO•^-4lMO-4-4f^»fnfnoo•-4-4•4f^4<Mmoo•^■N^yl^4rn^r>o^•Mf^^Tr^r^^nmo-4#^^f»>mco..^^r'^■«r«-•^•^o 
>  '  III  I  I  I  I  I  I  I  I  I  I  t  I  I  1  t  I  I  I  I  I  I  I  i  I  I  I  I  I  1  t  I  I  I  t  I  I 

i/y 

X  *4  ^  »-4  I 

v» 

VOOOOOOOOOOOOOOOOCIOOOOOOOOOOOOOOOOOOOOOOOOOOO 
X 


>  o  o  o  o  o  c 


'^'T«^>t'^-^'»rsts}''*^-*r-*t’^ir»f^®<^<v^ir'®f^r^®0'*-«mM^h-r^®®^or*j^f*-o®<?*o*oc4'fOor»'0'C'0 


>.45O^oooi^r-<?-co'0|  I 
VO  I  I  i  I  I  I  I  I  I  I  I  • 


..^f«-r*“NOfnO'0-4if',-4C'®o 
iMiMm>f|  0^  t\i  fT)  fT. 


rsjfM<Njrsjr'imr4C4'M-4*-* 


KItll  II  -<ll  >4>-«pnw\.-4|  Mr  iMfSirr.  -4| 

to  I  I  I  I 

f  I  I  t  I  I  t  I  I  I  I  I  I  I  t  I  I  <  I  I  I  t  >  I  <  )  (  I  I  I  I  < 


o  o « 

~4  ~4  ^  >4  104  ^  ^4  ■a4  >4  ^4  >"4  ^  ^  ^  *“4  >4  ^  >4  ••«  ^ 


I 


I 

o 

fH 

w 


O 

<<> 


o 

N 

U. 

> 


I 

a 


ar 

UJ 

03 

u 

OL 

0. 

UJ 

> 

o 

I 

bO 

CJ 

a 

u 


O 

O 


z 

o 

u 


u 


Wf 

o> 

in 

xO 

N 

in 

in 

OJ 

fn 

«  (A 

lA 

4 

o 

(O 

(A 

4 

in 

US 

tn 

CD 

4 

4 

03 

rg 

Q 

US 

O'9CDf<»«0444giUS 

4  4 

O 

CO 

p4 

O 

«D 

o» 

h>  03 

•4 

O 

O' 

fs- 

pSi 

r* 

r- 

f«i 

0 

0 

0 

O' 

03 

CO 

r* 

US 

m 

(O  CO  CO 

O) 

OO  0  CO  03 

QO  CD  CO 

UJ 

"4 

*4 

.4 

*4 

^4 

*4 

•g 

>4 

gM 

«g 

gg 

g4 

gg 

g« 

gg 

A 

A 

♦NJ 

>0 

•4 

OJ 

4 

» 

US  O 

4 

4 

o 

(A 

-A 

0 

us 

(O 

r> 

us 

*A 

4 

4 

us 

to 

•o 

pg 

*IS 

rA 

oi 

03 

(A 

*A 

-4 

-4 

OJ 

(A 

'9 

<0 

•■4 

•o 

'A 

(A 

OJ 

o 

sO 

OJ 

-r 

n 

»A 

.4 

4 

4 

4 

n 

•X* 

> 

O' 

4 

Ol 

pg 

pg 

4 

4 

pg 

pg 

pg 

pg 

pg 

P« 

N 

’M 

•>4 

•4 

>4 

OJ 

4 

.4 

•4 

«4 

rg 

Ol 

-• 

>4 

•U 

O 

KJ 

4 

o» 

xO 

•A 

rg 

0 

0 

OJ 

r» 

O* 

r» 

4 

us 

4 

•4 

rg 

0 

US 

O' 

l(S 

us 

xO 

«-» 

0 

-4 

0 

•4 

0 

0 

0 

0 

0 

0 

0 

> 

1 

1 

1 

1 

t 

1 

1 

1 

1 

1 

! 

1 

t 

1 

1 

1 

«4 

•4 

1 

1 

1 

v> 

1 

1 

I 

1  sxv  sxz 

••4 

o 

<n 

m 

(A 

(SI 

«>4 

•g  O 

m 

(A 

OJ 

OJ 

OJ 

0 

0 

(A 

OJ 

(SJ 

#4 

»4 

0 

0 

(A 

(A 

rs# 

*4 

0 

(SJ 

gg 

«4 

0 

0 

0 

o 

V9 

o 

o 

o 

O 

o 

o 

0 

0 

o 

O 

o 

o 

o 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

o 

« 

o 

CO 

fs» 

4 

00 

OJ 

0-  ^ 

4 

(A 

4 

4 

o» 

—4 

in 

4 

4 

r» 

rg 

03 

4 

0 

US 

m 

US 

4 

ni 

0 

0 

<M 

nj 

«4 

gg 

(SI 

ru 

NJ 

00 

r- 

4 

(SI 

o 

O' 

(O 

CO 

0«  fs- 

in 

OS 

v4 

O' 

CO 

r- 

r- 

4 

US 

4 

fg 

*.4 

03 

O- 

US 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

V) 

^4 

»4 

«g 

*4 

ffi4 

*-* 

g4 

gg 

gg 

gg 

gg 

gg 

^g 

A 

► 

M 

ni 

0» 

(s. 

xO 

O' 

4  4 

fs. 

o 

US 

Oi 

4 

4 

4 

4 

0 

rs 

O' 

(A 

0 

4 

9 

0 

rg 

0 

0 

rg 

(SJ 

0 

0 

gU 

fA 

A 

A 

> 

bO 

1 

1 

m 

04 

04 

(SJ 

(SJ 

1  ^ 
1 

(A 

•A 

(SJ 

(SI 

1 

1 

US 

(A 

1 

1 

1 

} 

1 

1 

1 

1 

1 

K 

•# 

O 

(Si 

in 

00 

4 

04 

(s. 

2 

0 

CO 

O 

in 

«4 

4 

0 

•A 

4 

CO 

f- 

44 

CD 

(A 

(g 

p* 

O' 

O' 

O' 

O' 

0 

0 

O' 

O' 

O' 

0* 

03 

«/) 

fO 

(g 

•4 

i4 

(A 

(A 

OJ 

1 

4 

(A 

OJ 

rg 

1 

t 

4 

1 

4 

1 

4 

1 

4 

i 

px. 

1 

P- 

1 

4 

1 

xO 

4 

1 

4 

1 

4 

1 

4 

1 

tn 

in 

nj 

4 

(Si 

fs. 

00 

>c 

C* 

in  o 

(A 

US 

(A 

fg 

o* 

(J 

rg 

(A 

o- 

03 

US 

0 

CO 

4 

m 

CO 

0 

CO 

P'g 

CO 

00 

CD 

OD 

0 

OD 

CO 

O 

00 

O 

fx- 

xO 

•o 

xO 

r-  CO 

O 

O' 

S) 

r- 

4 

r- 

r** 

r- 

O' 

0 

0* 

O' 

OD 

f- 

4 

US 

p- 

pg 

pg 

pg 

p- 

pg 

pg 

pg 

pg 

pg 

P- 

fg 

Ui 

^g 

#4 

•4 

*4 

gg 

gg 

A 

A 

4* 

O 

4 

CD 

4 

4  CO 

*4 

(•• 

in 

rg 

4 

OJ 

rs 

O' 

rg 

•4 

US 

US 

(g 

(g 

.4 

0 

4 

pg 

-4 

0 

O' 

CD 

0 

0* 

xO 

O' 

4 

(N 

•4 

O' 

fsi  us 

.4 

CO 

US 

(SJ 

O 

CO 

4 

4 

(A 

0 

4 

(A 

O' 

o. 

4 

(g 

p- 

pg 

pg 

pg 

4 

4 

r* 

pg 

4 

4 

pg 

4 

<n 

(SJ 

Ol 

OJ 

fbi 

o 

O 

4 

O' 

in 

(A 

OJ 

0 

0 

(g 

xO 

03 

fs 

4 

us 

(A 

»4 

(SJ 

0 

4 

CO 

US 

4 

4 

4 

0 

0 

-4 

0 

gg 

0 

0 

0 

0 

0 

0 

0 

> 

i/i 

' 

1 

' 

' 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

' 

1 

1 

1 

^4 

1 

i 

1 

1 

1  sxv  sxz 

CM 

o 

CD 

f- 

o- 

US 

4 

2 

0 

fw 

r- 

'C 

tn 

4 

(A 

rg 

0 

0 

4 

US 

4 

(A 

rg 

0 

CO 

CO 

4 

4 

(A 

4 

4 

(A 

gg 

g4 

A 

o 

o 

O 

o 

o 

o 

O 

O 

0 

0 

O 

o 

o 

o 

O 

0 

0 

0 

0 

1 

^g 

1 

1 

«4 

1 

.4 

1 

7 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

< 

in 

m 

00 

0- 

(SJ 

f- 

4  (M 

O' 

(A 

US 

o 

^4 

in 

CO 

<A 

(SJ 

4 

O' 

4 

4 

eg 

4 

(A 

4 

4 

4 

4 

4 

in 

4 

4 

4 

US 

4 

4 

f- 

n- 

m 

*4 

O' 

<o 

00 

o» 

r-  fs- 

O' 

(SI 

u 

O' 

<9 

(•- 

4 

4 

4 

ni 

0 

CO 

r- 

US 

4 

(A 

ri 

(A 

(A 

(A 

rs 

r> 

(A 

(A 

(A 

(A 

(A 

</T 

•4 

*"• 

-4 

r^ 

-g 

*-• 

gg 

gg 

gg 

gg 

A 

> 

nj 

fO 

00 

g> 

tn 

4 

O' 

CD 

4  4 

4 

CO 

-A 

o 

■4 

(A 

r- 

US 

4 

•-4 

fx. 

(g 

tn 

O' 

0 

■4 

rg 

rg 

0 

(SJ 

(SJ 

gg 

(M 

>• 

«/> 

I 

1 

CSi 

(SI 

04 

OJ 

1 

(A 

(SI 

OJ 

(SI 

1 

1 

4 

m 

4^ 

' 

1 

t 

pg 

1 

1 

1 

1 

* 

' 

1 

1 

1 

X 

in 

<N 

4 

•4 

os 

O' 

0 

V 

00 

o 

(A 

fs. 

Ol 

O- 

eg 

4 

4 

p- 

4-4 

O' 

4 

rg 

p» 

US 

US 

US 

US 

4 

4 

US 

tn 

US 

US 

US 

US 

K 

t/f 

<n 

eg 

04 

*4 

•4 

(A 

fA 

OJ 

1 

4 

(A 

rg 

<g 

1 

1 

4 

1 

T 

4 

1 

4 

1 

4 

! 

4 

J 

4 

» 

4 

1 

4 

\ 

4 

1 

4 

I 

4 

1 

(/) 

CD 

n 

0- 

O' 

CO 

(A 

O  4 

O 

4 

4 

4 

(SI 

US 

<30 

0 

4 

O' 

4 

O' 

in 

us 

•4 

4 

4 

4 

4 

4 

pg 

4 

pg 

pg 

CO 

03 

CD 

O 

^>• 

fs. 

O' 

'O 

m 

US 

xO 

h»  O- 

O' 

» 

|s- 

xO 

4 

4 

4 

4 

CO 

O' 

03 

03 

0- 

Ox 

4 

m 

4 

•0 

4 

4 

4 

4 

4 

4 

0 

4 

4 

4 

UI 

^4 

gg 

-4 

gg 

gg 

A 

X 

o 

m 

'C 

m 

o 

CD 

'0 

O' 

•g  us 

Cl 

4 

00 

OD 

0 

O' 

O' 

US 

« 

OJ 

<3 

4 

4 

rg 

rg 

in 

in 

pg 

4 

rj 

(A 

pg 

4 

US 

US 

pg 

US 

f* 

■o 

n* 

m 

(0 

o 

<a 

us 

O' 

xO 

fA 

0 

0. 

US 

4 

0 

03 

us 

ff. 

CO 

4 

4 

rg 

4 

xU 

4 

'AJ 

4 

0 

4 

4 

4 

4 

0 

4 

U7 

p4 

-4 

•4 

rg 

«x4 

Kl 

o 

o 

(n 

o 

<D 

in 

rs 

Ol 

0 

0 

44 

4 

33 

4 

us 

in 

(A 

•4 

rg 

4 

P- 

4 

4 

4 

4 

0 

0 

gg 

0 

gg 

0 

0 

0*0 

0 

0 

0 

V 

V) 

' 

1 

' 

' 

1 

1 

f 

1 

1 

1 

1 

1 

I 

1 

1 

1 

•4 

1 

1 

•4 

I 

1 

1 

1 

P>4 

X 

V) 

> 

X 

ISJ 

rsi 

o 

r» 

•o 

'O 

■*0 

US 

4 

2 

0 

rs 

•O 

US 

US 

4 

(A 

»4 

0 

o- 

4 

US 

4 

(A 

rg 

•4 

0 

CD 

pg 

US 

4 

(A 

gg 

4 

4 

rs 

gg 

•A 

A 

o 

o 

o 

o 

o 

o 

O 

O 

O 

O 

(A 

0 

0 

0 

*A 

ry 

-g 

1 

~g 

1 

•4 

1 

1 

1 

.4 

0 

0 

0 

0 

0 

0 

ro 

0 

CO 

0 

0 

0 

ni 

tM 

00 

fO 

(«.- 

CO 

4 

(SI 

o  <c 

(A 

o 

4 

4 

0 

4 

px- 

^4 

O' 

O' 

0* 

CO 

(A 

0 

US 

US 

px- 

pg 

4 

fxg 

pg 

pg 

is 

flO 

CO 

33 

fg 

rs. 

o 

00 

h- 

0» 

o- 

rw  o 

eg 

O 

CD 

fs. 

O- 

4 

4 

rg 

rg 

0 

0 

r- 

4 

US 

4 

rg 

rg 

rg 

OJ 

rg 

rg 

(S* 

rsl 

fSJ 

(M 

(SJ 

(N 

bO 

44 

^4 

gg 

gg 

gg 

gg 

gg 

gg 

> 

m 

fn 

4 

(M 

^4 

>0 

xO 

us  us 

o 

4 

o 

oo 

eg 

^4 

03 

US 

^4 

pw 

US 

^4 

(g 

4 

0 

rg 

0 

0 

0 

gg 

fO 

(A 

0 

.M 

OJ 

rsj 

g4 

OJ 

>• 

bO 

I 

1 

rsf 

04 

<SJ 

rg 

1  "g 
1 

fA 

(SJ 

OJ 

^4 

^4 

1 

1 

4 

rg 

•4 

' 

* 

1 

^g 

1 

I 

r 

1 

1 

1 

* 

1 

J 

X 

4 

4 

02 

(SI 

O' 

UJ 

4  OJ 

f- 

O 

4 

o 

4 

CO 

(A 

0 

0 

4 

4 

O' 

4 

4 

0 

0 

0 

0 

gg 

rs 

0 

gg 

0 

A 

X 

n 

(SI 

eg 

fS 

fA 

eg 

^4 

4 

rs 

eg 

(g 

1 

1 

4 

» 

4 

1 

4 

1 

4 

1 

4 

f 

4 

1 

4 

1 

4 

1 

4 

1 

4 

1 

4 

I 

4 

1 

fs. 

Ut 

o* 

o 

0* 

04 

OJ 

O' 

Os  4 

O 

in 

CD 

r- 

OJ 

US 

r» 

33 

(A 

(A 

O' 

4 

rg 

rg 

0 

rs 

(A 

4 

03 

CO 

O' 

p- 

CO 

0 

0 

0 

0 

or 

o 

fs. 

(S. 

us 

US 

us 

US 

4  r- 

fO 

r- 

4 

US 

us 

4 

4 

4 

r«- 

CO 

CO 

px- 

fx- 

f«- 

4 

us 

us 

US 

US 

JS 

in 

in 

us 

US 

4 

4 

4 

4 

UJ 

gg 

gg 

gg 

gg 

-g 

g4 

A 

X 

O 

•H 

o 

O' 

O' 

US 

03  < 

4 

OJ 

O' 

4 

4 

4 

rg 

0 

O' 

0 

4 

<g 

fA 

O' 

pg 

•4 

PS 

(A 

0 

gg 

4 

4 

OJ 

fA 

US 

fA 

X 

>0 

>0 

4 

IN 

O 

O 

<o 

4  US 

fs- 

us 

“g 

^4 

0 

0. 

US 

4 

O' 

4 

4 

eg 

CO 

4 

rs 

rg 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

bo 

•H 

^4 

^4 

^4 

.-4 

-4 

ISJ 

o 

o 

m 

CO 

CO 

in 

m 

_4 

0 

0 

in 

fs. 

xO 

US 

4 

rs 

Ol 

-H 

rs 

fx. 

(A 

US 

(A 

us 

0 

U 

gg 

rg 

gg 

0 

0 

0 

0 

0 

0 

0 

> 

I 

1 

1 

1 

t 

r 

1 

1 

1 

1 

t 

1 

' 

' 

1 

1 

-4 

1 

1 

1 

1 

1 

1 

t 

Z  SXY  SXZ 

o 

(O 

fO 

fO 

lA 

OJ 

^  O 

(A 

Ol 

rg 

rg 

(SJ 

- 

0 

0 

rs 

eg 

rg 

r4 

0 

0 

rs 

fA 

OJ 

^g 

gU 

0 

r.1 

gg 

gg 

0 

0 

0 

o 

o 

O 

o 

o 

O 

o 

o 

0 

0 

O 

O 

o 

O 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0* 

O' 

xO 

fO 

CO 

_ 

CO 

0- 

0-  4 

r- 

in 

O' 

4 

03 

4 

O' 

rg 

(T* 

in 

US 

0 

px- 

px- 

0 

0 

OJ 

gg 

rg 

fVI 

fA 

fO 

rs 

^4 

<r 

gj 

o 

O' 

0- 

o. 

xO 

o 

4  4 

*4 

o 

o. 

4 

4 

4 

4 

^4 

-■4 

0 

O' 

r- 

4 

US 

»A 

.-4 

gg 

fg 

(Sl 

(SJ 

rg 

(S. 

rj 

fsJ 

(SI 

(M 

OJ 

UI 

•4 

-4 

gg 

gg 

gg 

>• 

4“ 

4 

^-t 

c 

O' 

4 

in 

4  in 

o- 

<4 

0 

0 

0 

4 

P- 

in 

rs 

0 

rs 

fx. 

rg 

0 

c; 

gg 

(SI 

(A 

4 

0 

.g 

fA 

(A 

A 

rg 

>■ 

bO 

1 

1 

(NJ 

“* 

~4 

1 

) 

OJ 

fS) 

r4 

1 

1 

lA 

rg 

^4 

«g 

1 

1 

^g 

1 

1 

1 

1 

1 

1 

1 

I 

1 

1 

X 

O' 

in 

4 

c^ 

(O 

o 

O- 

rO 

o-  ^ 

4 

o 

4 

o 

IT 

0 

4 

JS 

(Sl 

us 

-4 

0 

US 

US 

4 

4 

4 

US 

pg 

Px. 

pg 

pg 

fx. 

fg 

P- 

«r» 

X 

Ul 

r> 

(V 

rSJ 

OJ 

fA 

m 

rg 

rg 

^4 

-S 

(A 

eg 

(g 

.4 

t 

' 

US 

1 

US 

1 

US 

J 

m 

» 

US 

1 

m 

1 

in 

1 

in 

1 

US 

1 

US 

1 

Ifs 

1 

us 

1 

b^ 

4* 

02 

rg 

4.' 

O 

4 

02 

rg 

4  O 

4 

fr 

OJ 

4 

C3 

.?■ 

a> 

rg 

4 

0 

<r 

02 

(S' 

4 

0 

CO 

eg 

4 

0 

02 

r  1 

4 

C' 

4 

CP 

fj 

►- 

r> 

o 

rg 

ot 

rg 

fA 

(A  4 

4 

4 

US 

US 

4 

0 

4 

r- 

r- 

CO 

rs 

02 

c* 

O' 

0 

0 

0 

w4 

gg 

fg 

rg 

(SJ 

(A 

(A 

4 

4 

4 

us 

UJ 

ru 

fSJ 

INI 

oi 

(Sl 

(SJ 

OJ 

fg  Ol 

Oj 

rg 

rg 

rg 

rg 

Oi 

rg 

OJ 

rg 

(g 

eg 

(g 

eg 

rg 

fA 

ri 

(A 

(A 

(A 

ff, 

ni 

rs 

(A 

ri 

rs 

rs 

(A 

fA 

IT 

o 

fO 

0- 

i4 

tfx 

O* 

ns  o. 

Si 

m 

o 

rs 

s 

in 

0 

rs 

^L 

^4 

us 

0 

»A 

p.. 

US 

cr 

n' 

pg 

s 

us 

O' 

ro 

fx. 

S4 

in 

0 

o 

o 

o 

OJ 

(V 

(M 

fA  02 

4 

4 

4 

us 

IT- 

«o 

4 

4 

p- 

to 

fO 

TO 

O' 

0 

0 

0 

0 

g.< 

gg 

rg 

r  1 

rg 

fA 

fA 

4 

4 

4 

(M 

rg 

<N 

(SI 

(SJ 

rg 

o* 

rg 

OJ  (SJ 

OJ 

Oj 

rg 

eg 

O: 

rg 

OJ 

Oi 

rg 

rg 

Oi 

rg 

rg 

<g 

rg 

rs 

(A 

•A 

(A 

(A 

rs 

rs 

(A 

fA 

(A 

(A 

r- 

fA 

137 


I 

I 

j 


CHOSS-OVER  PRCBLEM,  B-AL  (VF=0.30) 


-d- 

I 

O 


u 

§ 


138 


f  ^  ^  **^  **  ^  ^  ^  *4  «■  ^  li^  a^  ^  *14  •■•  •■4  ^  ^  ^  ^ 


Ul^rWf>J«Vr\jA4f>J'Mr>4rR^oifMf>4rv|< 

joooooo^--H^ooooooo--ooooooor>oooooooooooooo--«ooooooo 

*  I  I  I  I  II 

2ouo--^o--tnmfn  in  —  ('■«inQfn4-^<r'0.aoo-rio«^in'aonm(ru><a-<iMmni«>Minn.-r-a-rinrg^ 
^  II  llllll  IMmm^-^m*^  W4p4fa4«i4p^ 


v> 

>«0'0'0'0'0'0^•r^^•^■c3^• 

a»4  ^  ^  »-4  a*<  ^ 

MOOOOOOOOOOOOOOOOOOOOOOOOO 

>•  000000- .j..hYO°°o°°°°°°'5ooo  0000 

V) 

xooooooooooooooooo  —  —  ooouoouoooooooo 
*  II 

v>  m  <0 

^  ^  V,  >4  .■.— 

JpjpjCNjrg«vfMPjr«jrgr\jr.jf\irsjfM 

I  a4  W  O  O  • 


^ooooo«Hoo*-«-4(^(^oooo«H^«M<Mooo-4a^r«i(MMoo«4»4(MN(«>moo^cMmmmm<0'<r<M^oesi<M 

S  '  lili  iili  litli  llllll  iiiiii|-»««||i 

I  I 

I^(^J09'QO'0'^m(^I^OOcO^•tf^<^•><00'CDCOI^'Otf^a^OO^CDCOP•^*••0^tf^'0'lOf^a^ 
~  ~  0000000000000000000000000 

0000000000000^440000000 

0000000000000000 
^'^oo®p*p~*o•~4^•^ovAo^«A<^JmoaO^*c9tf^o<c^o(A^^^0440^co44^0'44«oop*'*Po^p*floo 

tVC'Jf'jr«jrMr4(N<CUrsJfMa-*«-«aH«~«»-l  rSf*-4«-tt>4«-««-4W  aH«>4a-«^«>« 

^  O  O  •*4  44  O  O  Pi  44  «*4  fNi  O  ^  PI  ^  ^  'J'  ^  44  Q  ^  ^  «h4  ^  ^  ^  Q  Q  ^  ^  Q  Q  Q  ^  Q  Q  Q  ^  QJ  ^  ^  ^  Q  Q  ^  ^  ^  ^ 

5  '  '  It'll  I  I  I  I  I  I  I  I  llllll  II  I  I  II  II  II 

yooo4^ooomf>jr\iPioC'«>ti>ommiA-^«0'600'^co(*i'44mcooomo^®44ivmcMof^'^i^»^oo»<n*^m 

X  1  till  44CMr4<^pipj44  ^444444444  4444  44^4 

in 

No»^o*HPjPio»4«Mmif'iro044fMPimiAp*ooPim<»^m*Of«aO«4r*j»t^o^h»®o«^<n-OP-eDqAO'»o.^piOPiPi 
S  l.lll  lllll  llllll  llllll  lllllll  ||||tl||44a4|ii 

I  I 

>'mm'^'TmmtPip*^mmm’«^meo»^44»nf^«vi<M<POCT‘440iAm*r»p*op40(M44o<M*^pitPO'^w>'0®p4p»moo 

X’^''^'^•*^«.r•^*^•*^'p'f■•*r•^fn<^loa‘®aO'TmPl44oc^o^•lf^.y«■4o^^®®^•«ou^-4oc^o®^•>Ol/^xr•^•or•coc^ 

44  ^4  ^4  ^4  a4  ^4  aH  ^4  ^4  ^4  r4  44  a4  44  ^4  44  44  44  44 

Pi000000440'^44000000000000000044000000044000000444400-^44000 

C{  llllll 

'^*00^440O/*^^Pjp>JfVJO^,H44O  44  44  44Q0QOQQQQQpQpQp>pQQQQQQQQQpQQQQ,jj.  I 

5  I  I  I  I  I  I  I  I  I  I  I  I  I  II 

*^ooooooooooooo44aH44fMmm440444444«44444004444ooooooo440oooooooooo 
*5  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I 

—  oiM  —  0'®'0U>  —  coif>'a^m*afn-'r<Mo37*co»y-4'tnOiAo  —  ^•(n(ntf^fn  —  f^JO  —  —  —  o  —  ^ 

ULlPiPirviPiPiPjr4PiPiP|PiC4Pjrs|<4444  44  44  rM444444444444  444444*4444444  4444444444^*4  *44444^4444 

^00*^^00Pl*J’4^^Pi0^P*Pi44<n^«^fV4Q*4^44*4^fy0044*4<5ygj44QyQ|;544^«44^O0^44OO44 

^  11  I  I  i  I  I  I  I  I  I  i  I  I  I  llllll  II  I  II  II 


I  I 


o 

o 


</i  •  . .  .  .  .  .1  .  .  It  . 

MOOO<^oooPi<-<440ocr>iA>9'r»(nmtf-i->r®moo.f®tA44m®o9'm  o*cp  ®44<M<MeM®rg^r40*a'D*®®m 

>  I  li|  <Mmm.r.^m44  44(Ntrgrvrv<Nj44  ^  ^  ^  ^  4444 

v> 

PiO44o«^PiP>O44Pj<.^tf>inoo«*^(NP^mtf>f4O44Pjm.4'irv^^O44fvir><cp.®®O44m®®O0OOo.rfMVN(MtN} 
^  I  III  lllll  llllll  lllllll  lllllll  lllll— ^t^^iii 

I  I  I  1 

VY44444444.4a4«-l44  44  444H*444*444  -444  44*4  44..4 

pIOOOOOO.~(044440000000000000000*4000000044000000*.4^0044«4000 
a  llllll 

^00444400f0't’r>icvjpjo»44444044>4  44000000000000000000000000000000^ 

>  I  I  I  I  I  1  I  1  1  I  1  I  I  I 

^0000000000000444444fv|(^mcM0^44444444^<^0^^0000000^440000000000 
2;  I  I  I  I  I  I  I  I  I  I  I  I  I  II  II 


7C 

a 

o 


(/)Oti>®r4..^44(Njom*4vOi^r*fnrv)a<N^tf>tpr»m(M44oo4’-vru^-4ootf>mfPO'P<T(MO'Or'»^mp>msair>a4rri 
'f.#’PornfNf\jr'4-4^r^.  mr4^4Aoo'r-/>f«>r«iO'00*®«0'.ppji-4C'N.coP*»if\fp-400'r'»OPjm^ir<'i^ 

I  rj  Pi  PI  PJ  fVJ  (N  Pi  rg  <N  rg  «M  CM  -<  44  -4  44  P)  ~4  *4  44  44  ^  44  -4  *4  .4  -4  44  44  44  44  44  -4  *4 


V^nir'ir'jrMrv44..( 

iup|PiPjPiPiPjpjPiPiPjp}piPiCM< 

i£000000.;'-^.p00000000r4a400000000000000000000000000a4^000 


I  I  I 


.9'co44Pip{Pi«opi.rr*mmfnmPi44 


»*gooooooOPii-<.-4000'u^.^r-rnm.t>r'Oir«r>o^®ir>Of»^a300'coo9' 

^  |l)  Pimp^'#’'«ffp44  44rg-'MPirgrg-4  44  *444^4 

VO 

Kj00o00a4<90.-<..4pipi0004444*4rgri000«4p}pirgfno044pirgmmmo044pim'.^<.t>pp-'^p)«ppirr 

I  I'll  lllll  lllll  llllll  I  I  I  I  I  I  I  —  —  I  I  I 

II 

V^^^-aocn•0'>r  —  —  —  fv  —  'OiM  —  —  njsoo  —  cotAirtmtomminr^j  —  —  moo'O  —  co^«ooo  —  —  09''l‘coi/> 

Xcop\f:^n»mf0sr'rnmrp<pfnpio^p-.o.#'pjpj4*^rar^®»^m4i4oc'®p“'0infp^o®p*o.0tf'.^.op»f*»®®0' 

4*<  44  44  44  .4  44  44  —4  44  44  —4  44  44  44  44  44  44  44  *4  44  44 

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO 


>0000000000000000 


PIOOOOOOOOOOO 
PI 
v> 

>oooooo4444440oC‘Oooooooooooooooooooooo( 

>  III 

(/> 

X00000000000000000444400000000000000000000000UOU44144000 

S  '  ' 

c'>.^«DPjiO'’'>'.»^®pj'OONr®>p;®o.^®PiOO'^OPioO'T®Pi^O'^®pj.opsr®Pioo*f®fg.cr».r®p;NOCJ 
H-  ^^->PiPiPin*tmsr>f>ru^v0.£>i0OP.r.'®®a7<rC'OOOvMi-<r4PiPimi*i.^xf'>TtPir><0OOP.P‘®®3)'0'{7>o 

4^  44  44  44  44  44  44  44  44  44*H4444  44  44  44  4444  44  44  44  44  44  44  44  44  r4 

Ui  I  I  I  I  I  I  I  I  t  I  I  I  I  I  I  I  f  I  I  I  1  I  I  I  I  i  t  I  I  I  I  I  I  I  I  .  t  .  I  I  I  .  I  .  I  ....  . 


Ui  I  I  I  I  I  I  I  I  . 
.-<u><7*mr**44incpm 
44  44  Pi  rvi  Pj  m 


-4  44  44  44  44  44  44  4444*H44i»4 

I  I  I  I  1  I  I  I  I  I  I  I  I  I  I  I  I  I  t  >  I  t  t  I  <  I  I  I 

rnr444tf^p(<>3f4  4«mvr<*'p444mv^f'tf4^g>(/af(')rs«44u^9.f<>r^-4 

mm.^>p>j*tpip^^.0^^®t>®c'^<’*oo44*4fsip*pi4>4>  f 

^4  *4  ^  -4  44  —4  44  44  44  44 


I  I  I  I  I  I  I  I  I  I  t  I  I  I 
u■^v^^)^"44u^^/>ff^r44Nmu'^^p 
st’Np*Pu>0  0'Or**P0r«*0^CT*O' 


MICBCSTRrsS  0ISTR18UTICN  FCR  COMPCSITE  STRESS  S12»lOO 


a 

o 

o 


I 

o 


0'^0000^-^000or3000«-»p^-^000obo 

II  •  •  » 


9>fn9«ooomotn<V'^9•C^U^'Of<^^<M<^J•0«^t^^O»00*^^<^0000000 
I  i  I  I  I  I  I  I  I  i  I  I  i  I  i  I  I 


yi 

♦ 

IT 

O 

pn 

in 

o 

O 

in 

4 

o 

CP 

ff* 

PM 

4 

<0  CO 

w 

'O 

UJ 

«4 

*H 

pH 

pH  pH 

pH 

>e 

o 

o 

o 

n 

f3 

fO 

O 

n  o 

o 

o 

wv 

*>4 

o 

o 

m 

fO 

m 

fM 

»M 

pH  U 

o 

m 

> 

v> 

IM 

M 

«4 

€0 

04 

9^ 

fO 

O' 

o  00 

m 

o 

K 

I 

1 

1 

pH 

pH 

1 

’“f  1 

) 

pH 

1 

1 

1 

1 

1 

o 

0* 

o 

pH 

pH 

fM  in 

m 

m 

K 

o 

m 

Ift 

>0 

CO 

O'  o 

pH 

fn 

i/> 

m4 

pH 

-H 

M 

o 

o 

o 

o 

O 

o 

o 

0 

0 

o 

o 

yi 

> 

o 

o 

o 

o 

o 

o 

Q 

0 

0 

o 

o 

> 

y> 

X 

o 

o 

o 

o 

o 

o 

O 

0 

0 

o 

o 

X 

v> 

«/7 

o 

<M 

•H 

m 

in 

fO  fn 

o 

u 

O' 

eo 

o 

IM 

m 

4 

>o  ® 

O' 

r- 

UJ 

•-« 

pH 

pH 

pH  pH 

X 

o 

o 

o 

pH 

o 

o 

o 

pH  pH 

o 

p4 

X 

1 

1  1 

1 

</) 

o 

CO 

f'- 

M) 

m 

pn  pH 

o 

n- 

> 

y) 

*oi 

ru 

^4 

<r 

CO 

C" 

O' 

O  0 

m 

o 

X 

1 

1. 

^4 

pH 

i 

^  1 

1 

y> 

1 

1 

1 

1 

1 

> 

fM 

^4 

4- 

in 

r- 

in 

ff> 

4  >0 

4 

CO 

X 

o 

4 

in 

o 

f*. 

® 

O'  o 

pH 

fn 

y) 

p4 

^H 

K| 

o 

o 

O 

m4 

o 

o 

o 

o  o 

o 

O 

K| 

1 

y> 

>• 

o 

o 

O 

o 

o 

o 

o 

pH  pH 

o 

pH 

> 

1  1 

1 

(/> 

X 

o 

o 

O 

a 

o 

a 

o 

0 

0 

o 

o 

X 

yi 

i/i 

o 

<^4 

<^ 

o 

pH 

!"•  in 

® 

fH. 

o 

r» 

Q> 

CO 

fO 

4 

in 

sO  <G 

O' 

r^ 

UJ 

p4 

pH 

pH  pH 

X 

o 

o 

o 

o 

V 

o 

^  pH 

o 

u 

X 

1 

1  1 

yi 

H 

<•4 

o 

CO 

f'p 

« 

4 

PM  pH 

o 

fp 

>■ 

(/) 

<M 

® 

CO 

O' 

O  ® 

m 

o 

X 

I 

t 

pH 

pH 

1 

p^  1 

1 

40 

1 

1 

f 

1 

1 

> 

o 

PM 

p. 

^0 

■n 

*n 

X 

O 

y» 

o 

1^ 

® 

O'  o 

pH 

4 

«/> 

pH 

pH 

o 

o 

o 

^4 

O 

O 

o 

0 

0 

o 

O 

N| 

1 

iO 

> 

o 

o 

o 

o 

o 

c> 

o 

pH  pH 

o 

o 

> 

1  1 

40 

X 

o 

o 

o 

o 

o 

o 

o 

0 

0 

o 

o 

X 

VI 

i/> 

o 

<n 

ir» 

o 

in 

<3 

4 

O*  >0 

O' 

pH 

Ol 

CO 

O' 

po 

4 

in 

O  ® 

O' 

® 

Ui 

pH 

pH 

pH 

pH 

pH  pH 

pH 

X 

o 

o 

o 

o 

o 

o 

o 

0 

0 

o 

o 

X 

V) 

N 

o 

4J 

fO 

fO 

PM 

PM 

pH 

pH  O 

o 

fM 

> 

40 

fSl 

«M 

o 

O' 

CO 

m 

O' 

o  ® 

fO 

O 

X 

1 

1 

pH 

1 

PH  i 

1 

pH 

40 

t 

1 

1 

1  • 

1 

V 

fM 

4 

4 

•o 

fO 

O' 

n-  ® 

in 

X 

o 

•O 

r* 

CO 

® 

O'  o 

pH 

V> 

•-< 

^4 

Kl 

o 

O 

o 

O 

o 

o 

o 

0 

0 

o 

o 

Nl 

VI 

V 

o 

o 

o 

o 

o 

o 

o 

0 

0 

o 

o 

>- 

40 

K 

o 

o 

o 

o 

o 

o 

o 

0 

0 

o 

o 

X 

40 

40 

ro 

PM 

o 

4 

ob 

<M  <3 

CJ 

4 

H- 

o 

o 

pH 

P-4 

PM 

fM 

PM 

pn  m 

4 

4 

•J 

i\; 

fM 

fM 

fM 

PM 

PM 

nj 

fM  fM 

fM 

cj 

UJ 

1 

1 

t 

1 

1 

1 

1 

1  1 

t 

1 

<>4 

Ui 

f> 

n> 

pH 

m 

(J>  PH 

pH 

o 

rj 

O 

♦H 

pH 

N 

PM 

fM  'n 

fn 

4 

fsJ 

PM 

fM 

PM 

PM 

PM 

fM 

fM  fM 

fM 

nj 

139 


III 

IMlM-4*400<*«0U>00V» 


OOOOOOOOOOOOOOOOOOOOOOOOOOO 

oooooooo<-4«Mooooooooooooooooo 

i  I 


>OOO0OO«-'^i>HO00OO0 
i  I  I 


4  ^  ^  ^  ^  ^  c\j 


f-(w<p^^«Njf>jcs)rsjrw^arMrvtrsi(N»rgojcMfM 

I  I  I  I  I  i  I  I  I  I  I  I  1  I  I  I  I  I  t  t 

)io<^f<>r>j<-40H>tn<nfOfsj^ootrktA<roj^oc>i(M«r40«^p 

^a^mootf^‘Of'^*^f^<MO^tn(^oo^J•-•wooo^ooo 
I  I  I  I  I  :  t  t  I  t  I  t 

^  ^  ^4  ^4  w4  ^  ^  ^  ^  •••<  ^ 

••0000000000000000^-^0«-4000u00 

4»4«-i^^«>«0<NJ«*>f<\(M*-4«i^^OOOOOOOOOOOOO 

I  I  I  I  f  I  I  I  I  I  I  I 

9OCJOOOOO«-«*^«4O«^^*^Of>«rg(V<4'f0OO«>4o4C>O 

III  ill  I  I  I  I  t  I  i 

30ir><T7r»oo^<M*oco(A4or^«^^f*>p^o900>A'^«>eor»r> 

«^^«>««-t^rgrgrMrslrgr*a(Mfgrg^Jr^Jr^irM^J 

t  I  I  I  t  (111111}  I  I  I  I  I  11 

5ir\»rr>r<j«-40'^tf>fr»<NifN<.-»00tf^tf'*fr^»^0rgrg*^0»^0 


iryj«-i  I  wm>T'TfnmiV  I 
It  i  I  1  I  I  I  I 

lo— a*>r 

>ooooooooooooo-^-*o-<oooooo 


^,.4«H<>H^«-40**«:n<0<M^«-4oi0000000V00000 
t  I  I  I  I  I  I  I  I  I  I  I  I 

00000000-4»-«-^0-<*-<'^OlV<\jr\;<^r«00*^»<00 
III  III  I  I  I  I  I  II 

.-««-«*-*«-t^r'4(MrNirgrgr>jrgrsjr4rgiNrNii>jfM 

00000000*-»^00000000-<<»^^000000 
II  III 

<Nrg»H.-<OOOfMrg-4»-»c?t>oOfgfM-4i-^00*-«OOt>«->o 


oooooooooooooooooooooooooooooooooo 


cj'«r®«Ni«0O»j'«rj-«O'T®r-i>0O'«T®rgoO'«r®(\j*0O»^®fvj 

f'jrsif'irMf\jrjrjrorafvjfN»<Nrv*>ji\j<Mr<irMfvifM'on»*»^r‘nimnTn»rnr'fnf^f'>f^ 
I  I  I  I  I  t  I  I  I  I  I  I  t  I  »  I  >  I  i  <  I  I  <  I  I  <  I  I  I  I  <  I  I  I 

•sj  fw  rg  rg  rNj  r.j  pg  rN»  rs/  IV  fHi  rj  *>!  *“,1  rj  'M  fN  fvi  fsi  »0  ^  D 


CROSS-OVER  PRCBLEM,  3-AL  (VF»0.30» 


m 

I 

o 

1—1 


M 

►J 


i4o 


III  «4  -4  ,4  -<  -*  .4 

Kioooooooor>ooooooor>ooor»oooor»oooooot*or>ooooooooooooooo 


oooooooooo-^*-^  — 

>(<^«i4^(n<i9rstvno 
I  I  I  I  I  I 
'A 


K,H-4^-^fM<M>^fM(Nrg<sjfNj0'c0h-f»f>*-h-aa«h-fa99»(>a>3)cDiOr*000«0»9»<0f»'O^*9»9»9‘(>a)f^O0'h>r«>0O 

K  II  I  I  I  i  III  till  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I 


I  » 

K^oooO'^ooooo^40^■«■r'0®OL'^^»•<<<o^^»o^•^•^«^cor^om•^|^^••^o*-^'f'^^4<*'«o«ooo»/^*^<^Jw^ln 

fNj  I  I  -4,^*.<fgm..^,.4  ^r4trs^^m-*^w^ 

(/» 

>-  II  lillll  ^pgmfnrifn*^  ^^wrkjfMpg^  •-«  ^*14^ 

K  lllllll'-^l'^l  •-*fgfn«i^ir»tf>fsi  ^iMfMrofsjcsi.-^  III 

v>  I  I 


r»ico^'^'W>'0000' 

_,^.  I  a^trVjmw^l/NtrtAJ  o4<Mra«V]fM(\J^  ^«4^^l>4^ 

I  I 

--  -  _.  - - .  — 

^  ^  ^ 


V)  m  ’fc'  v  ri  rv  w’  r*i  w  sr 

000C)0»^t-40--»***-‘fMrv! 

tUfM<Mrgrvirgrvjrvinj<Mrsirvjrsi 


I  I  I  I  I  if-t.-i— ^^^<^4r-OfMsr■‘^^r^tf^«^u^'<J^•a)Oo»^■•^^^r^<*^'>r^“^■^^  w*  ^  \e\  tm  < 

I  I  I  I  W  ^  -4  w 

I  I 


^  O 
>c 
iA 

Kl  O  O  O  O  O  O 
>• 

*/i 


■-4»H^O*^OOOOOOOOOOOOOOOOOOOOOl 


X,^-4^fM<sifvj^fNjrsirvjf^rg<7'a3f^f^r«*f-»ooor^f^®0'0'0'a30''Oi^O‘a*OP'0'®>o^*0'0000'®-40co®r-'0 

X  I  III  lllll  lillll  lillll  lillll  llllllll"-•-•lll 

Vi  I  I 


K  I 

^40000 
</> 

> 


I  I  ^.^4f»miou>rn«-4  »4«-*«-«fs»r''»‘f4  •-*fn<n.«tf«inf\ic'4rs»*-‘ 

</> 

>.  II  lllll  ^fMfnrofom^  •-«  <«^^^•>i4 

«/) 

X  llli|ll*~<l«HI  .-4fvj<n4-u^i0f4  ^«Mf\JINjrvjr>»-i  .w^i-»-4#i><*'4  III 

V)  I  I 

ttl#V4«Mr<4fSj<\irVi<Mrs|r\J<MfSi<M««4-4«-l^.—  ^^^^»-4#i4^-4<^-Hi-l^-4-4»-l*4#HW^i-4i^P^*«4p^-^'-*-^fV-4-4-4.-4»4 

VI  .III  v-4  W  ^ 

«oooooooooooooooooooooo 0^000000-700^-000 


NIOOOOOO  —  —  — o 
> 


11  II 

—  u>r»o'/''rfn»r»ocp‘'Or«-<T'0'00«^>oo*f^tr>r-a*o«M'T^»^tf'®fM'Oor»®  —  0*00  —  OO'^^O'I 


o 

« 


!  I  III  lllll  lillll  lillll  lillll  ||l|l-<-^l—-'l|- 

1  I  I  I  I 


►40000  —  ooooo^o®'0®o^fM®o»^o— o  —  oo^“0'^0fninm  —  tf>  —  — 'f’Tm'Tf'ioo  —  p^'?fso<M 

f  I  ^  ^  r4  ^ 't  — 4fn*Tr4fnfsjr>4CN*»4i-* 

^®00  —  OO'O  —  —  ^*^*^**“O0*O^^*^ 


*  <  to  in  ^  if\  I 

>*000  —  iMOo  —  CM  —  ovjO'OO^  >^^tn<<>®®«40ir^i-4( 

^  II  till  — CMfnfnmPO—  ^M^rsifgrg^ 

Ko  —  —  u>^*'^*rofvj*C'0<^<M  —  «0'OC'  —  '«^o»oo»0'0'0^f^Jlr^lOl<^®^4*4m^n^»^^®^-  —  —  oocj*^ 

X  ||t||l|—  I  —  I  •-*rgr\>r«o^r»  —  rgcaC'jfnn—  .-4i-4,m-4i-4im  •  It 

I  I 

fvi^ff'OO  —  !Mrs!!^rsj 


4  rg  jTi  >f  «o  ^  r' 

UJf^CSJ<V^fV<N|f'JfNjr4fN|fVtM  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  —  — 


^^oo®»4.(^JO®►•'0•r 

p-4C\jr4  —  —  rvjrg  —  —  —  — 


a. 

ac  xOf'J  —  'OO^tf'0‘'^OiAmf»-r-i-or*.^fOr40'^-«r-roo^O 

O  ^  I  I  »  —  t  I  I— -4—  lOlir-  —  —  ;/^►•^•®oo 

(  III 

flC  BSIOOOOOOOOOOCJOOOOOOOOOOOOOOOOOOOOOOOOOC*  0000000000000 

u  > 

u.  ui 

Z  K4NfNj-iy>f-.C'Omf^O'  '■t'  00  't-  •OOOC'O'^'O'O—  0*0r«  —  OrAa^sJ-f^  —  — 

o  xrvj«M04PvinjcMr4<Njf*jfn^*^mc^®®®p^®^  —  ^®®0'000o®^0'0  —  —  00''0®CT'  —  —  —  OJJ'f'i  —  C'<?*v*® 

»4  t/)«>4  —  —  —  — 4».4^^ 

O  >»0000  —  —  00  —  OJfOnOOOO— —  —  —  000—  — INJCNifNiOOC  —  l*4»*^f*'**^00  —  — 

11  llll  till  lllll  lllll  IIIIIII-— 

M  i/>  II 


. -  —  I  I  I 

I  I 

►JOOOO  —  OOOOOfNC>®4)®^mO  —  ?^®<^^®—  O  —  0<^®^■^“’*^■ 

»sg  I  I  — «rmtn^>o«t—  t>4  €>4  <^y  \r\  rst  —  —  —  r^^-4•^^■^sJ  — r^>4•fM  — 

vt 

>■000  —  —  oO  —  fSi  —  PMO^O*®  —  —  'O'O  ^4  f^®0®  —  —  —  f4'NPv'<*4  — 

>  II  llll  -^rvifomorfo—  -.4«4,-i<Mri.iN—  —  <-1  — 

lillll 


X  I  I  I  I  I  t  |.-4|.-4|  -4rk'fnif*>0'0'4>  -4<M^gfsir',  ro—  ,-4^*4  —  —  — 

t/)  II 

uj  *  I  I  I  I  I  I  I  I  t  I  r  I  I  I  I  I  I  t  *  t  I  I  I  I  I  I  I  I  I  I  I  '  I  I  I  I  I  I  I  *  *  I  i 

i  in  iJ'  A  i  —  W'  i  A  i  HI  ►.  —  •>  V  f«  f^  —  C''  i  —  u\  m  —  tr  wr  m  1^  —  <r»  O'  f-  —  <n  cr-  m  ^  *7 

^^r4«MfofsjSfnBn>r«T’«r«/>in4J>wof-r-r’j®»a‘VOOC»  —  —  rgfs»iM»^fn>rc-*4-inin'0'OiO^^'*®®®<^'£* 

»4W4»i4».4  —  —  ——  —  —  —  —  —  —  —  —  —  —  —  —  ——  —  —  — 


) 

! 

! 

I 

( 

( 


TABLE  10-5  (Contd.) 


CRCSS-OVER  PRCBLEM,  B-flL  (VF=0.30I 


I 


1^2 


SO 

I 

O 


» 

►J 

PQ 


lOOOQOOOOOOOOOOOOOOOOOOOOOOOO 

^  I  lllltllll  lll|ll*-»  Itllll--  »l!ll»-<  ll^lll•^'^'f<7‘•-<ll 

i/»  I  I  I  I  I  I  I  I 

►  ooooooooooooooooo^fM<*>ooooooo^ooo*^^ooooo*^*^»^*^^*^f^^‘00‘^® 
»-  III  I  I  I  I  I  I 

t/i 

X0000000000000000^*^f'*^00»^^*sif'j^if'j00^c^^<s<<v*>l00»^<^*'<^f^»^^'^*^'^"*'9’ 

K  till  lllill  llllll  lllll|l-<•;•'l^ 

Wl  •  > 

UJ<Mrjr*|fMwrsi(N4fv<rsjp4iN«M 

^1  I  I  J  I  I  I  I  I^fgr^l  I  i  ^  ^  tr\  >t  t 

UJ  III  I  I  t  I  I  111*11  I  t  I  I  I  I  I  I  I  I  I  I  »  I  I  ‘  I 

»^000000^«-<^000^^«M^iM«-<0000^^^^^00000^*^.-000000-j^*j400w---000 
X  t  t  I  I  I  I  I  I  *  I  I  I  I  I  III  II  II 

v> 

X  II  lllill  *  «P-l«MfMfSI«>JCMi-<  ^  m*  ^  ^  ^  tm4 

v» 

K4I  1  I  I  |•-4|  t  I  I  |^f«<<Mr>li  I  |.^<»4«Mrvjrgl  |•.-l•4^r^Jcar^Jt 

</l  I  III  fill  I  I  I  I  I  lllill  I  I  I  I  I  I  I 

>.O«HOOO«-«OOOO«-‘«-«OOOO»-*<0>0OOO«-**^— **^— ‘ 

S-  I  i  >111 


o  O  <V 

fM  ••r  m  «>4  I  I 
II 

II  I  I  I  I  I  I  I  I 


X0OO«>4O0CP«^O0<M(N0*-« 
X  I  I  III 


cgpg<N^^C‘0-4rO'r«f»‘n®h-‘0»Hr^io^p*^*f-ocM^®i:o®«®r»^^*r.^f^ 

I  I  I  t  t  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  Y  '  I  * 

v>O‘-'^o^M'rvft®^<ri/N'0^‘*o»r<roo-*p^opJO«r>H^intr>.-^iAfnsfO»2^:£?®®‘Crr^!!C’t!^i2S2^ 

UJPs4CNrsjrM<M<M<N<NJ<N<M<M<N 


(Mfn^l  l^fMmfPtfn^TPgiT.  «^^!*-i 

^  ,  I  >  ■  ■  1,111  llllll  1111,11  I  I  I  I  I  I  I  I  I  >  I 


X|  I  I  I  l-^i  |«-«-<cg<Mi  I 

I  I  I  I  I  II 


»n^P»®®0««<®^000!?‘ 


p^oooooo-^ 


I  t  I 


000^»-*<M<M<M*-«000^^'^»^*^^-<00000-<’-‘^000000-^^0000000 

.  11*111  111  II 


I  I  I  I  I 


I  I 


o 

o 


X  I  llll  -4^ 

4/1 

M^^rgg5a'-«<^®o^a‘o-MNj’p-0''T^-r<p^tf><Mnsoo>AO^vno®o»p»p-^<^'0»^p^;<>o^^*^^^*^'r 

I  I  I  I  1^1  ).^^^rg|  I  I  i^.-4fMrg|  |  |^>^rgrgrnf  i-H^tMrgrgiPi|  i-ifvjfgtNtnrn-MrniN-^l  I 

lO  I  I  t  I  I  fill  I  1  I  I  I  llllll  I  I  I  I  I  I  I  *  I  I 

>.o-.oo--oooo-YOOoo-r..o<j.oo--.MO-mo-m,nm,^o.po<Mm~-oo.Hr.^^-oo 

f/t 


XOOOwOOO»-«0*H<MfMI 


■*fVcg«v^^oo*^»*>4ntf>»iOP*®0*-*'p'®'OP“®®0?^>^^^0»ff*^p“tf'fs 

lllll-J*  tllllll  lllllll  llllllll—- 


fM  jr»  # 

I  I  I 


X 

o 


cyrgrsj^fvirgrsjw^— ♦^^:^4f^Jm^'0^^^'J•'UC^-*o®0-<^*^^n^-0'^>•®o•-^f^J'<•'0®^“a'0^grgmr; 

^  .  illllllll  ..I.-.— 


u.  (/}  ^  w~* 


III  III  III  111111*11  > 

QNO/»C0j»^lf\u'>P-®0'C7'®P“CT'IMtf>C'®«^^4f\i0tf\rnifOl/'imO9'P»P^— ••^P*USmrga'IM^O<N®'3'OC'^'M 
fs}fnrsj<Mrgrg(M<\jfg<Mfvjrgrgfn^'OP-®0‘N»'>'>^4no'^®CJ— •'J’»f'tnOr-®U'0'T</>'0'OP*P»0'OP»®CPa*U'^ 


Kio<^ooooooooooooo«-4«-«oooooooooooooor‘C»ooooooooooooooooo 

w  X  II 

M  U1 

05  X  |tl  iNjfOP»<n(n(n-4i-ifMfgfMrsifgp-4  ^  ^  ^  ^ 

*-<«/) 


•  •  ••lllllll  111! . 


o 

i/i 


''•'77  . 7r  '  '  '  '  •rV7  '  '  '  77"  7TT~7  ’  ' 


“0O000C>000OO0O0000»-»rs»'4’O00O-*00-400i-4,-4«M 

Ilf  I 


XOOOOOOOOOOOr-iCO^'-' 


I  ,  ^  I  I  I  I  I  I 

llllll  llllll  llllll  I  I  I  I  I  I  I  Y  Y ’  '  ’ 


l/>>r®P>i'45c>*^®P^'0C^>l’®P''3O'T®P'*'0O'T®<M'0O»t®P^'C't.'*>^frPW,0O>^®PJ«ftO'T®Pl®0'r'Pt''JOO 

t~  .-l^-^<^J<Mr^Jm<T^^J■^^u-.  knooOf-P^®®®0‘0'C»oo*>^-'»NMrM'r', 

uj  I  I  I  I  I  I  I  I  I  I  t  I  I  I  I  I  I  t  I  I  I  t  I  I  i  I  r  I  >  I  I  I  <  I  I  *  *  1  >  *  i  >>  *  I  I  *  *  *  * 

^  ^  ^  ^  ^  ^  ^  ^  "4  ^  ^  #iM  ^  ^  ^  »-l 


I 


CROSS-CVER  ORCBLEf*,  B-AL  (VF  =  0.30) 


\o 

i 

O 


M 

iJ 


N»  fN.  «  O  < 


. . 

I  t  I 


•  in  'Tj  -o  I 


'^1  I  (  f  i  . 

<1  i  I  t  I  t 

>o^Of^o«4<-400P^'Ooooo9'cb(o^•»>4c^<srocoa>‘I>^(^l«1mrM(^i4MrarM(^|(^J<^J4M 


t^oooooooooooooooooaaoooooooooooQOoooooQ 


>00'^fnnnrv«^ooo<^<M<M<^«^ooo<-«^*4^0000(nf«\rg<^oo*4^oooo 

i/t 


M^rMf^J^*4•0tn•>^O^tOc0O(^O<4•>*flDA4O®<MC0^-li^^*O<MOOOOO^OOOO 
»*4  I  I  cg^^nji-^,-!,i-4  I  I  «-•«rir^<ou^i<^^r^ 

I  I  t  I  I  i  «  I  I  I  I  I  t  I  I  I  I  I  I  I  I  I 

>1  I  |*-««>«fH*-4aM«.^l«-4mfnrgw(M<H{m^<Otnr>nj>-«|  •*«  ^ 

I  I  I  I  I  i  I  I  I  I  I  I  I  I  I  I  t  I  I  I 

x^r-'OAC'r**4coo®fn*^in'00®^^in«f-^ro^-^-4r>o^iOo(M«^fSv4oo*4*^000 

III  I  I  <  I  f  i  I  I  I  I  I  t  I  I  t 


)f<Otf'•^•®•4^>^or^mu^r^lu^(A^rO(^J®'0«ru^mm®..flnmu^O'TO^lAmo^o•H<>40 

^  I  I  f  I  I  «  I  I  I  I  I  I  I  I  1 


(/)  ^4  ^  ^ 


^  w*  ^  ^  ^  ^  vM  ^  ^  m4  ^ 


^oooooooooooooooooaoaooooooo^o«-4*^*>400oooo 

(/> 


cn 


Kj*#^p*4«-4Rro(r\^(<>o>rC‘0<>Aor^^®^a9>r^^ooiAr»0(Niooooo^oooo 

^  I  I  I  I 

4^  I  I  I  I  I  I  I  11(11(1  I  I  I  I  I  I  I  I 

v®f^h>(r->r.>i4rsih*tf><ou><-40'0'ONO®oo^o®ir^m«4<V(«>»^0'Csi®irkmf»ir\<-«i-«o 

4^  I  I  I  .1  I  I  I  (  I  I  t  I  I  I  I  I  I  I  I  I 

vv  (  :  I  I  I  I  I  I  I  I  (  f  I  I  t  I  I  I 

st»H  f  mf^^Nrmfn<^^sr<Jo«r^'0«A*-RU><sf'n>.rc*.of^r«  ^  m* 

4^1  ^*ll(l|ll•-•l^|(l|^'--^-‘-•|l 

I  I  I  I  I  I 

^  o4  iM  p.4  ^  «4  a>4  Bii4  ^  ^ 


o 

o 

«>^ 

R 

ni 

<N 

t/y 

v» 

</i 

UJ 

a 

</) 

UJ 


v*) 

u 

a 

ac 

o 

oc. 

u 

iL 


•««iooooooooooooooooooooooooooO'-*0'^'-<-^oooooo 

K 

VI 


X 

v> 

4®^^'00^"’0'^r*0»MOOOOO^OOOO 

4^  I  f  t  I  I  I  I  I  I  I  I  I  I  t  I  I  '  I  I  I  }  I 

4^  I  I  I  (  I  I  1(11111  I  t  I  I  I  I  I 

X(  I  I  j  |B-irjnj(MB>4'^>-R|'jmfri(^r'.  cu-4| 

4^  III  I  I  I  I  I  I  I  I  I  t  I  I  I  I 

Ofn«-*rntn<50oir\m^'«^^in'Oir»-tf*>fMP^'rcM'Nimfo^in.-*-jB-«oO'~>oooooo 

4«l  lll|(ll^ll1ll(^l|'-•^-•^-*»l 

I  I  I  I  I 

>'f^®,^>»®(y'<7'0'®f*»'O®®®^^®^r»<r®r*-p*»f*»»^®0''Nfvjrg<Mr'4*Mrgrvj«-«-^*»iBM 

^  ^  ^  ^  ^  bM  bb4 


lil3 


^  Klo0000000000000c*0000000000cv00000r>c*00000 

•—  fcO 


r> 

® 


ct 

v> 


o 


v^ 

V) 

UJ 

a. 


>-OO<NJru<^JfU*'j0O0<V»-iBjBi40O0C^»^'-«O0O0Cr«>rgf«jf-J0Oi-«*-4OO0O 

X 

«/• 

^J^«-*<^o^-'^•^^<^JC*r<'^■f^l•0'00''0o®•-•^'^■^>0^r^f*^f^o^^icooc>o*-♦oooo 

4^'  (  I  I  I  I  I  I  i  t  I  I  I  I  i  I  •  I  I  I  I  I 

>•1  I  bh 

4^  }  I  i  t  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I 

K'n<^C^9‘'cr'g^0*®r<o^(r-B-<®r»(v>r(NiB.-i^inO'C:®Oi~imf^‘'^rs}i>HO*-*-^OOO 

X  (  t  I  ^  -H  B-*  I  t  I  }  B<«  r>j  r  j  rg  ^  i-i  I  B-4  r->  .-n  r>  <v  b4  I 

4^  ill  1111(11  I  I  I  I  I  I  I 


^  .j  pg  »Nj  nj  eg  nj  cN  r-:  r-j  r>j  rj  fv;  rg  fNj  cj  pg  r*  f\*  fv  iv  fM  f\t  rg  rg  rg  m  fT  m  r  p>  ro  rn  pi  m  pi 

^  UJ  i  I  I  I  i  1  I  1  t  I  t  f  I  I  I  1  I  I  I  I  i  I  t  I  I  I  I  1  I  I  1  I  •  «  »  I  I  I 

•-4tnr>fR’>p'»B.«mt7'pop-.B-»inc'*pnp-— •IT''?  ■«p».-g»ncpf**^-«-»i7'^p'r»Bg(n«^'*^p' 
OOO»-<'-rMPvrgr^m^vr»rvnmo4;Nn'^i^^®'®*7*0'<JOL>^*-*pgpgf\'fni'n^*^»f 

pg  fg  rg  <N,  rj  rg  rg  rg  'N  rg  <M  P  pg  rg  rg  pg  ni  rg  iN»  rg  oj  rg  fg  rj  pg  r' m  R*'  p»  p*  ">  n»  ot  'M  Pi  pRi  P*  p» 


144 

spaces.  The  composite  stresses  are  normalized  with  respect  to 
the  matrix  yield  stress  (Y). 

10.2  Discussion 

The  0-90  multilayer  composite  has  been  analyzed  for  the 
microstresses  both  for  regions  farther  away  from  the  interface  of 
two  successive  layers  and  also  in  the  vicinity  of  the  interface 
under  composite  fractions.  For  regions  in  the  former  case,  the 
microstresses  are  given  by  the  regular  solution  which  is  an  un¬ 
coupled  solution  derived  from  the  analysis  of  unidirectional  com¬ 
posites,  and  for  regions  in  the  latter  case  the  microstresses  are 
evaluated  from  the  cross-over  solution.  Two  methods,  two  layer 
method  and  one  layer  method,  have  been  discussed  for  the  cross¬ 
over  solution.  The  two  layer  method  is  a  simple  one  and  gives 
straightforward  solution.  On  the  other  hand,  the  one  layer  method 
Involves  linear  transformation  of  composite  strains  fields  into 
associated  strain  fields;  solving  the  cross-over  problem  in  terms 
of  the  associated  strain  field;  finding  the  stresses  in  the 
adjoining  layer  by  appropriate  stress  equalities;  and  finding  the 
desired  solution  from  the  solution  of  the  associated  strain  fields. 
The  primary  advantage  of  the  one-layer  method  over  the  two-layer 
method  is:  in  a  flnltq  element  solution  the  computer  time  and 
the  core  requirements  are  reduced  almost  by  one-half  in  the  for¬ 
mer  method  compared  to  the  latter,  if  the  same  finite  element  mesh 
configuration  were  to  be  used. 
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The  microstress  distribution  In  the  matrix  at  the  fiber- 
matrix  Interface  for  a  multilayer  B-At  (v^  =  0.3)  composite  as 
shown  In  Figures  10-2  to  10-7  is  almost  Identical  for  both  the 
cross-over  and  regular  solutions,  for  all  the  composite  stresses. 
Even  the  initial  yield  surfaces  shown  in  Figures  10-8  to  10-11 
are  almost  identical  for  both  solutions.  It  is  seen  from  the 
yield  surfaces  that  the  composite  stresses  acting  on  planes  paral¬ 
lel  to  the  layer-layer  interface  of  two  layers  generally  increase 
the  stress  concentrations,  while  the  other  composite  stresses  gen¬ 
erally  reduce  the  stress  concentrations.  However,  these  effects 
are  not  very  significant.  The  reason  for  this  is  attributed  to 
the  low  fiber  volume  fraction  of  the  composite. 

The  rate  of  attenuation  of  the  effects  of  layer-layer 
interface  reflected  by  the  change  in  stress  concentration  discuss¬ 
ed  above  is  very  rapid,  and  the  microstresses  reaches  the  regular 
solution  within  a  distance  of  t.  This  is  evident  from  the  micro¬ 
stress  distributions  in  Figures  10-2  to  10-7  where  for  0=0  the 
microstresses  for  the  cross-over  and  regular  solutions  almost 
coincide . 


10.3  Conclusions 

Based  on  the  above  discussion  the  following  inferences 
can  be  drawn  for  multilayered  composites  with  low  volume  fractions. 
1.  Fiber  cross-over  effects  are  minor  for  low  volume 


fractions . 
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2.  The  only  composite  stresses  that  may  possibly 
Increase  the  stress  concentration  are  those  acting  on  planes 
parallel  to  the  layer-layer  Interface.  The  stress  concentration 
due  to  the  other  stresses  are  reduced. 

3.  Yield  surfaces  obtained  by  regular  solution  are  fairly 
accurate,  and  there  Is  no  necessity  to  consider  the  cross-over 
effects  for  low  volume  fractions. 


10.4  General  Remarks  and  Suggestions 
for  Future  Researchers 

An  accepted  philosophy  In  research  has  been  to  report  the 
successes,  but  not  the  failures.  However,  In  fhe  present  case, 
even  the  contrary  seems  to  be  Justified  If  one  considers  the 
enormous  time  of  both  the  researcher  as  well  as  the  computer, 
and  also  the  expenditure  Involved  In  the  solution  of  the  multi¬ 
layered  composites  for  the  cross-over  effects.  We  shall  devote 
this  section  to  the  failures  and  also  the  pitfalls  which  an  unsus¬ 
pecting  researcher  might  encounter  In  the  solution  of  the  cross¬ 
over  problems.  The  author  believes  that  these  should  serve  as 
the  warning  signs  for  the  future  researchers. 

Solution  of  the  multilayered  composites  for  the  cross-over 
effects  by  the  finite  element  method  Is  simple,  at  least  In  theory. 
However,  this  apparent  simplicity  becomes  an  Illusion  when  one 
considers  the  astronomical  memory  requirements  of  these  problems. 

In  spite  of  the  "large"  memory  area  available  for  the  user  on  the 


IBM370/165  computer  at  Duke  University,  which  is  1,000K  (a  quarter 
million  words)  many  finite  element  models  for  the  cross-over 
problems  that  have  been  attempted  could  not  be  accommodated  in  the 
core,  even  with  the  relabelling  available  on  the  ELAS  programs. 

The  memory  requirement  depends  not  only  on  the  number  of  the 
finite  elements  but  also  on  the  boundary  conditions.  For  example, 
the  two  layer  model  in  Figure  10-1  requires  about  700K  memory  for 
most  strain  states.  If  one  attempts  to  solve  the  same  model  as  a 
stress  problem  Instead  of  a  strain  problem,  by  prescribing  com¬ 
posite  stresses  Instead  of  composite  strains  with  appropriate 
boundary  conditions,  the  limit  of  1,000K  memory  would  be  exceeded. 

Another  hurdle  in  the  solution  of  cross-over  problems  by 
finite  element  method  is  the  accuracy.  Under  the  computational 
constraints  discussed  in  the  previous  paragraph,  there  seems  to 
be  no  way  to  Increase  the  number  of  finite  elements  without  exceed¬ 
ing  the  available  memory.  This  only  seems  to  suggest  the  desira¬ 
bility  of  the  one-layer  method  which  requires  a  much  smaller  mem¬ 
ory  than  the  two  layer  method.  However,  a  case  of  failure  is 
worth  reporting  in  this  connection:  The  solution  of  a  boron- 
aluminum  multilayer  composite  for  a  volume  fraction  of  0.65  has 
been  attempted  by  using  the  one-layer  method,  the  boundary  condi¬ 
tions  in  Table  9-3,  and  a  finite  element  configuration  identical 
to  that  used  in  Figure 10-1.  The  results  are  not  reported  here 
because  there  has  been  no  satisfactory  equilibrium  check  between 
the  stresses  in  several  regions.  The  reason  has  been  attributed 
to  the  lack  of  uniformity  in  the  size  of  the  finite  elements.  The 
dimensions  R  and  t  (See  Figure  10-1)  are  almost  equal  for  a  volume 
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fraction  of  O.65,  which  made  the  finite  elements  In  the  matrix 
extremely  small  compared  to  those  In  the  fiber.  Incidentally, 
the  memory  requirement  for  this  problem  has  been  about  TOOK  for 
most  of  the  strain  states. 
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APPENDIX  I 


ELASTIC  CONSTANTS 


This  appendix  lists  the  elastic  constants,  the  quantities 
which  are  needed  for  evaluation  of  the  microstresses  at  the  Inter¬ 
face  In  Equation  2.4,  the  yield  surface  In  Equation  2.l6,  and  the 
elastic  composite  strains  Specifically,  the  coefficients 

of  the  [A]  matrix  In  Equation  2.5,  and  the  [k]  matrix  In  Equation 
3.28  are  given.  The  dimensions  of  are  In  pound-inch  units, 
and  *<21  =  ^12- 

The  elastic  constants  of  aluminum,  boron,  and  beryllium 
used  extensively  In  the  present  work  are  as  follows: 


E(10^  psl) 

G(10^  psl) 

V 

kl 

10.5 

3.95 

0.3291 

B 

58.0 

23.97 

0.2098 

Be 

40.0 

19.60 

0.0204 
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Coefficients  of  [A]  and  [k]  Matrices 


B-Al 

Be-A£ 

v^=o. 30 

V^=0.50 

V^=0.68 

V^=0.30 

V^=0.50 

V^=0.68 

^11 

1.1604 

1.1069 

1.0651 

1.1161 

1.0710 

1.0411 

Ai2 

-0.0227 

-0.0113 

-0.0056 

-0.0703 

-0.0377 

-0.0196 

1 — 1 
OJ 
< 

0.7020 

0.6792 

0.6584 

0.7843 

0.7869 

0.7844 

^22 

0.0422 

0.0338 

0.0293 

0.1306 

0.1130 

0.1027 

*  1 — 1 
on 
< 

0.3689 

0.4265 

0.4481 

0.3805 

0.4752 

0.5248 

A32 

0.4300 

0.3136 

0.2529 

0.5554 

0.4358 

0.3681 

7.8465 

6.0316 

4.7020 

8.4976 

7.0931 

6.1642 

X  108 

-2.3240 

-1.5364' 

-1.1343 

-2.3333 

-1.2974 

-0.7236 

<22  X  10^ 

4.0338 

2.9158 

2.3343 

5.1006 

• 

3.9144 

3.2456 

APPENDIX  II 


RESIDUAL  STRESS  FIELDS 


In  this  appendix  we  shall  prove  existence  of  mlcro-resldual 
stress  fields  that  could  translate  the  matrix  controlled  Initial 
yield . surface  to  any  position  without  change  of  shape  In  the 
plane,  for  an  arbitrary  fibrous  composite.  Consider  the  compos¬ 
ite  being  subjected  simultaneously  to  the  Initial  strains 

^<t>r  ^33^^  matrix,  e<|)(j)^  fiber,  and  the 

f 

microstresses  {1  1  1}  the  matrix  and  {ct^^  a]_  ^ 

I 

In  the  fiber,  and  the  composite  stresses  I^  =  I2  =  “2* 
note  that  the  above  combination  of. stresses  and  Initial  strains 
satisfy  the  compatibility  at  the  fiber  matrix  Interface  If  we 
prescribe  uniform  total  strain  fields  In  the  transverse  as  well 
as  axial  directions.  The  equilibrium  at  the  Interface  Is  satis¬ 
fied  because  of  the  microstresses  In  the  transverse  plane  are 
uniform.  The  equilibrium  of  the  transverse  stresses  Is  already 
satisfied,  and  the  axial  composite  stress  0.  ^  can  be  equilibrated 
by  equating  the  rule  of  mixture  resultant  of  the  axial  micro¬ 
stresses  to  The  uniform  strain  fields  In  the  transverse 

plane  requires  the  Initial  strains  e^^,  and  be  equal  In  both 
matrix  and  fiber. 


(  158)' 
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Thus,  the  above  forms  an  exact  solution  for  a  fibrous 

composite  of  an  arbitrary  geometry  subjected  to  the  composite 

stresses  I,  =  a, ,  and  the  initial  strains  e  e = 

1  1  ed  d  rr  ^  (p<P 

^  ^  ^  in..,  f  f  f 

®rr  >  ®33  ’  ®33  matrix,  and  ,  633'  in 

the  fiber,  subject  to  the  following  equations. 

Uniform  total  strain  field  in  transverse  direction  requires 


m  f  1  r 

®rr  3K^  "  ^rr  ^  “  ’^f^  “l  “  "^f  ■  33  ^ 


(II-l) 


Uniform  total  strain  field  in  the  axial  direction  requires 


m  °^1  -  X  fn 

®33  3K^  "  33  ^f  “  1  *^33  ^ 


(II-2) 


Equilibrium  in  the  fiber  direction  requires 


Vf  +  (1  -  V^)  =  ot^ 


(II-3) 


The  above  form  three  equations  for  the  three  unknowns  a^,  a^, 
and  0^2^  In  terms  of  and  (©33"^  -  ^33^)- 

microstress  fields  for  the  above  problem  are  as  follows: 

In  the  matrix 


r  m  m  m  ^  «*-■  _  ... 

rr  CJ33  }  =  n  1  1} 


In  the  fiber 


^^rr.  *^33  ^  ^“l  “l  ‘^33  ^ 


(II-5) 
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If  we  unload  the  composite  from  the  above  stress  state  elastically 
we  Introduce  additional  stresses.  The  net  residual  stress  field 
is  then  given  by 

In  the  matrix 

CA]  fa^l  (II-6) 

u 

In  the  fiber 


where  and  are  the  residual  stresses  in  the  matrix  and 

fiber,  respectively,  the  shear  stresses  being  zero,  [A]  is  a 
matrix  which  varies  from  point  to  point  in  the  composite  (See  for 
example  Equation  2.4). 

The  matrix  controlled  yield  surface,  with  the  residual 
stress  state  in  Equation  (II— 6)  is  given  by 


0 


(II-8) 


I6l 

where  the  first  term  is  the  square  of  the  equivalent  stress  with 
[c]  defined  by  Equation  2. 7*  and  Y  is  the. matrix  yield  stress. 

The  maximum  value  of  the  first  term  is  taken  for  the  entire 
matrix. 

Noting  that  Equation  (II-8)  represents  the  yield  surface 
of  a  stress  free  composite  for  -  0,  this  equation  is  a 

translated  version  of  the  stress  free  initial  yield  surface,  the 
new  center  being  located  at  =  a^,  I2  =  012  in  the  I^l2-plane. 
This  indicates  that  for  a  given  loading  point  in  the  I^l2-plane 
one  can  find  an  infinite  combination  of  the  parameters  and  a2 
in  Equation  (II-8).  All  combinations  and  are  permissible, 
because  one  can  find  a  state  of  initial -strain  in  Equations  (II-l) 
to  (II-3)j  corresponding  to  the  selected  combination. 


APPENDIX  III. 


CONSTANTS  OF  HARDENING  RULES 


This  appendix  presents  the  constants  of  the  Initial  yield 
surface  (Equation  2.l6  for  =  <^2  ~  0)  which  Is  In  the  form 


f  = 


4  h'  * 


Ir  T  ' 
K3X2 


-  Y  =  0, 


(III-l) 


and  the  matrix  [R]  In  Equation  3.27.  The  matrix  [R]  depends  upon 
the  current  load  level.  The  coefficients  can  Ije  determined  by 
using  Equations  2.l6  and  3 -27.  A  simplification  of  these  equations 
gives: 


%1 

II 

Hll' 

1 

OJ 

1 — 1 

. 

r 

H  - 

■» 

a 

1 

> 

.^21  . 

«2l' 

H22'i 

a 

2 

* 

►  = 

H  ’  ’ 

11 

H  ’  ' 

12 

< 

I  _  a 
■^1  1 

.^22  . 

^21 

H  ’  ' 

22 

I  - 

1  1  2  J 

_ 

(III-2) 
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The  components  of  [H’ ]  and  [H* ' ]  are  also  presented. 


Coefficients  k,  H’,  and  H** 


Constant 

B-A£ 

Be-A£ 

V^=0. 30 

V^^0.50 

V^=0.68 

V^=0.30 

,.V^=0.50 

V^=0.68 

^1 

0.^738 

0.3548 

0.2951 

0.4072 

0.2664 

0.2000 

^2 

-0.5173 

-0.3110  - 

-0.2207 

-0.6986 

-0.4255 

-0.3000 

^3 

0.1798 

0.0929 

0.0590 

0.3062 

0.1755 

0.1178 

0.4205 

0.4316 

0.4307 

-0.1770 

-0.0324 

-0.0470 

Hji' 

-0.0357 

-0.1453  - 

■0.2222 

-0,6294 

-0.6141 

-0.6120 

«12' 

0.1704 

0.1255 

0.1020 

•0.7346 

0.5661 

0.4711 

0. 7014 

0.7641  , 

0.7964 

1.2103 

1.1687 

1.1448 

0.5173 

0.3110 

0.2207 

0.6986 

0.4255 

0.3000 

"21 

0.9495 

0.7097 

0.5902 

0.8144 

0.5329 

0.4000 

H  '  * 

"l2 

-0.3595 

-0.1858  - 

0.1180 

-0.6124 

-0.3511 

-0.2357 

H  '  * 

"22 

-0.5173 

-0.3110  - 

0.2207 

-0.6986 

-0.4255 

-0.3000 
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and  [Z]  Is  defined  in  [17],  and  varies  from  point  to  point  in 
the  composite. 

The  equivalent  stress  of  the  stresses  obtained  by  super¬ 
position  of  stress  states  (IV-1)  and  (IV-2)  for  a  point  in  the 
composite  is  given  by, 

=  {p  +0}*^  [C]  {p  +  0}  (IV-3) 

where 


CC] 


Prom  Equations  (IV-2)  and  (IV-3) 

=  {T}^  [Z]^  [C]  [Z]  {T}  +  2  {p}"^  [C]  [Z  ]  {T}  +  {p}^  [C]  {p} 

(IV-4) 

The  Mlses  Yield  condition  for  the  microstress  is  given  by 


(IV-5) 
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where  Y  yield  stress  of  the  material  at  which  the  stresses  are 
being  considered. 

Define  a  radial  path  In  {T}  space  by 

{T}  =  p  {t^^.t22  ^12  ^13  ^23^  (IV-6) 

where  t^^  are  known  constants  and  p  Is  a  constant  defining  the 
stress  level  along  the  path  {t} 

Substituting  Equations  (IV-5)  and  (IV-6)  into  (IV-4) 

We  obtain 

2 

a^P  +  a2P  +  =  0 

where  a^  =  {t}"^  [C]  [I]  {t} 

a2  =  2  {p}*^  [C]  [Z]  {t} 

a3  =  {p}^  [C]  {p}  - 

Equation  (IV-7)  gives  two  rooks  p^  and  P2  for  p,  p^  being  the 
smaller  and  P2  being  the  larger.  Equation  (IV-7)  should  be  form¬ 
ed  for  all  points  In  the  composite  (elements  If  the  finite  element 
method  Is  used  to  determine  [2]).  Then  the  algebraically  largest 
value  of  p^  and  smallest  of  P2  when  substituted  into  Equation  (IV 
-6)  for  p,  gives  two  points  on  the  yield  surface  with  the  residual 


(IV-7) 


stresses . 
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The  procedures  could  be  repeated  with  different  paths 
with  varying  t^^.  until  sufficient  number  of  points  are  obtained 
on  the  yield  surface.  It  should  be  noted  that  If  the  roots  of 
Equation  (IV-7)  are  complex  then  the  chosen  path  In  Equation  (IV 
-6)  does  not  Intersect  the  yield  surface. 

In  some  cases.  It  has  been  found,  that  a  nonradical  path 
defined  by  {T }  =  {t°}  +  p{  t}  where  {t°}  and  {t }  are  known 
vectors,  gives  quicker  results.  The  procedure  however  remains 
same,  except  the  vector  {p}  In  the  determination  of  the  constants 
a2  and  a^  of  Equation  (IV-7)  Is  replaced  by  {p}  +  [E]  {t°}. 

The  stresses  In  the  above  analysis  are  In  the  Cartesian 
coordinate  system.  However,  the  same  analysis  could  be  used  even 
In  a  cylindrical  coordinate  system. 


APPENDIX  V. 

SIMPLE  MICROSTRESS  SOLUTION 


A  simple  formula  for  the  microstresses  in  the  matrix 
could  be  derived  from  the  considerations  in  Chapter  III.  We 
assumed  that  component  {da^^  <^a2}  of  the  composite  increment 
{dl^  dl^}  causes  always  an  Isotropic  stress  change  in  the  entire 
matrix  (Equation  3.16),  and  the  other  component  {(dl^  -  da^^) 

(dl2  “  da2)}  causes  always  An  elastic  stress  change.  Thus,  from 

Equations  2.4  and  3.16,  we  can  write  the  microstresses  in  the 

» 

matrix  as 

^^rr  ^(pcj)  ^33  >  =  (1  1  1}  +  [A]  {I^  -  (I^  -  03)} 

(V-1) 

where  [A]  is  found  as  a  function  of  r,  and  a^,  a2 
either  hardening  rule. 
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APPENDIX  VI. 


CYLINDER  UNDER  INTERNAL  PRESSURE 
(PLANE  STRAIN) 


In  this  appendix  we  shall  solve  the  problem  of  a  hollow 
cylinder  under  internal  pressure  under  plane  strain.  This  prob¬ 
lem  was  originally  solved  by  Hill  et  al.  [4l]  and  Hill  [45].  A 
solution  to  this  problem  is  attempted  here  by  a  procedure  similar 
to  that  used  for  the  composite  cylinder  in  Chapter  IV. 

Consider  a  hollow  cylinder  of  external  radius  a,  internal 
radius  b,  made  of  an  elastic-perfect iy  plastic  material.  Let  the 
cylinder  be  loaded  under  Internal  pressure  p  beyond  Initial  yield¬ 
ing,  so  that,  the  region  b  £  r  <  p  is  plastic,  and  the  region 
p  _<  r£  a  is  elastic,  where  r  is  the.  distance  measured  from  the 
center  of  the  cylinder,  and  r  =  P  defines  the  elastic-plastic 
interface . 

Now,  if  the  Internal  pressure  is  increased  by  dp,  the 
plastic  zone  spreads  from  r  =  P  to  r  =  P  +  dP .  In  analogy  with 
the  composite  cylinder  solution  in  Chapter  IV,  the  following 
stress  changes  are  assumed  to  have  taken  place  during  this  time. 
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Plastic  region  (b  <  r  <  p) 
d  =  -dp 


^  =  -dp 


(VI-l) 


d  -  P  ^ 


—  —dp 


Elastic  region  (PI  r  1  a) 
do^r^-  =  -dp  -  l)/(^  -  1) 

^^<t><t>  ~  ^P  -  1)  .  .  (vi-2) 

2 

■  da  ®  =  2  V  dp/(^  -  1) 

p2  . 

In  these  equations  r,  (f),  3  define  the  radial  coordinate  system, 
and  V  is  the  Poisson's  ratio.  The  stress  increments  in  the 
elastic  region  correspond  to  the  elastic  solution  of  hollow  cy¬ 
linder  of  internal  radius  p  and  external  radius  a,  with  plane 
strain  condition,  under  Internal  pressure  dp. 

The -stresses  in  the  elastic  region  ( P  <  r <  a)  can  be 
written  by  considering  the  radial  stress  at  r  =  pas  -p’,  where 

dp  /dp  -  1  as  a  consequence  of  the  stress  state  (VI-l)  in  the 
plastic  region.  Thus 


171 


where  Y  is  the  yield  stress. 

Substituting  for  and  from  (VI-3)  we  get 

» 

o2  ,2 

f  =  2  p'  -  1)  -  Y  (VI-i|) 

^  P 

In  order  to  satisfy  the  yield  condition  at  r  =  P  we  require  f  =  0 
at  r  =  P.  Thus,  from  Equation  (VI-4)  we  get 


(VI-5) 


Now  If  we  wish'  to  propagate  the  plastic  zone  from  r  =  P 
to  r  =  P  +  dP  by  Increasing  the  radial  pressure  at  r  =  P  from  p' 
to  p'  +  dp’ ,  we  require  to  satisfy  the  yield  condition  at  r  = 

P  +  dP  at  the  end  of  the  pressure  increase.  Thus 
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9f 
3p ' 


dp* 


r=P 


0 


Prom  (VI-4)  and  (VI-6) 


(VI-6) 


^  =  2  P* 

p 

Prom  (VI-5)  and  (VI-7)j  and  noting  dp’  =  dp 


(VI-7) 


=  ^  =  I  n 

dP  dP  P  2^ 

a 


(VI-8) 


Now  consider  that  the  plastic  zone  has  been  propagated  to  r  =  c 
by  increasing  the  Internal  pressure.  The  stresses  In  the  plastic 
region  (b  ^  r  ^  c)  can  be  considered  In  two  parts: 

1)  Stresses  developed  during  the  time  when  the  point  was 

elastic . 

11)  Stresses  developed  during  the  time  when  the  point  was 
plastic.  Thus 


where  1,  j  =  r,  3;  ^re  stresses  at  the  point  at  the  initial 

yield;  the  second  term  corresponds  to  the  part  (1),  and  the  third 

term  to  part  (11)  above.  The  derivatives  d  a.  .®/dp  and  da^^^/do 

Ij  Ij 

are  obtained  from  (VI-2)  and  (VI-1),  respectively,  by  replacing 
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the  incremental  variables  with  the  derivatives  with  respect  to 

P- 

The  stresses  at  initial  yield  could  be  obtained  from 

(VI-3)  and  (VI-5)  by  substituting  p  =  b  and  p'  =  p. 

Performing  the  Integrations  in  (VI-9)  by  using  (VI-1), 
(VI-P),  and  (VI-8)  and  simplifying  we  obtain  the  stresses  in  the 
plastic  region  as. 


Jin 


Jin 


c  <  r  <  a 


to  (^)  * 


c^  -  (1  -  2v)r^ 


2  a‘ 


(VI-10) 


The  stresses  in  the  elastic  region  can  be  obtained  from 
(VI-3)  and  (VI-5)  by  putting  p  =  c,  as 


a 

rr 


e 


y 


(VI-11) 
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The  internal  pressure  corresponding  to  elastic-plastic 
interface  at  c  can  be  obtained  by  Integrating  (VI-8)  between 
P  =  b  and  P  =  c,  and  adding  the  internal  pressure  p°  at  initial 
yielding,  which  is  equal  to  p’  for  p  =  b  in  (VI-5).  Thus 


I  =  )ln  {|)  +  I  (1  -  2^) 

a 


(VI-12) 


It  can  be  observed  that  Equations  (VI-11),  (VI-12),  and 
the  first  two  equations  of  (VI-10)  are  identical  to  those  obtained 
by  Hill  [^5],  except  the  notation  is  different  here.  The 
stress  in  the  plastic  region  given  by  the  third  equation  of  (VI- 
10)  is  found  to  be  slightly  different  from  Hill.  It  is  speculat¬ 
ed,  that  the  discrepancy  is  due  to  the  stress  state  (VI-1) 
assumed  in  the  plastic  region.  The  Tresca  yield  condition  used 
is  not  Influenced  by  the  stress,  and  consequently  any  selec¬ 
tion  of  iri  (VI-1)  would  not  have  affected  the  yield  condi¬ 

tion.  It  is  expected  that  the  procedure  would  yield  better 
results  if  Mlses  yield  condition  were  to  be  used,  in  which  case 
all  three  stress  components  should  be  considered,  and  stress 
state  (VI-1)  forms  a  major  part  of  the  stress  Increments  in  the 
plastic  region. 


APPENDIX  VII. 


MODIFICATION  OP  HARDENING  RULES 


In  this  appendix,  the  Hardening  Rules  (I  and  II)  formulated 
In  Chapter  III  will  be  modified  to  account  for  the  change  In  the 
matrix  yield  stress  with  temperature. 

We  noted  In  Chapter  III  that,  "for  a  given  point  {l^  I^} 
on  the  loading  surface  with  Its  center  at  {a^  If  plastic 

deformation  were  to  occur,  then  .there  exists  a  special  direction 
In  the  I^I^-plane  along  which  any  Incremental  (da^  da^}  would  be 
directed" . 

Thus  the  hardening  rules  (Equations  3. 13  and  3.15)  may  be 
rewritten  as 

{da^  da^}  =  dn  (VII-1) 


where  dn  Is  some  constant  and  Is  a  known  vector  depending 
upon  the  hardening  rule,  and  Is  given  by 

for  Rule  I:  =((i^  -  a^)  (l^  -  .a2)}and 

(VII-2) 

for  Rule  II;  r^^} 


(175) 
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where  and  are  obtained  from  Equation  3.27. 

Thus,  If  at  any  loading  point  on  a  loading  sur¬ 

face,  the  yield  stress  Is  changed  from  Y  to  Y  +  dY,  by  keeping 
the  loads  constant,  then  for  dY  <  0.  The  loading  surface  has  to 
travel  In  order  to  maintain  the  yield  condition,  the  direction 
of  motion  being  governed  by  Equation  (VII-1) . 

In  order  to  determine  dn  corresponding  to  the  change  of 
yield  stress,  dY,  one  can  use  the  yield  condition  at  the  end  of 
the  yield  stress  change  (consistency  equation),  which  Is  given  by 

^  ^“l  ^“2  Iy  (VII-3) 

where  f  Is  the  loading  fun-tlon  defined  by  Equation  2.16,  and 
dl^  =  =0. 

By  noting  -|^  =  -  ||-  and  Equations  (VII-1) 

and  (VII-3)  yield. 


dn 


8f 

8Y 


dY 


I  ^ 

1  81, 


+  Z 


9f 


2  31. 


(VII-4) 


Thus,  If  the  yield  stress  were  to  change  during  a  load  Increment 
{dl^  dig),  the  Hardening  Rules  may  be  rewritten  as 


"  daj^  ' 

-(  . 

►  “  dy  ^ 

'-af/aip' 

.  +  dn  < 

'h' 

dttp 

dl2 

af/ai^^ 

5*2 

* 

(VII-5) 
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dy  Is  Identical  to  dy^  or  dy^^  In  Chapter  III,  but  should  be 

determined  from  Equation  3-14  or  3-26,  by  replacing  {dl^  dl^} 

with  {(dl^  +  dn£^)  (dl2  +  dnJi^)},  respectively,  with  corresponding 

{5-]^  5-2^  (VII-2).  We  note  that,  the  change  dY  of  the  matrix 

yield  stress  In  (VII-4)  may  be  because  of  any  cause  Including  a 

change  in  temperature.  In  which  case  dY  e  de,  where  9  is  the 

u  6 

temperature. 


APPENDIX  VIII. 

ILLUSTRATION  OF  USE  OF  THERMOMCHANICAL  ANALOGY 

In  this  appendix  we  shall  Illustrate  the  use  of  thermo¬ 
mechanical  analogy  in  the  solution  of  heat  -treatment  problems. 

-Firsts  the  general  numerical  procedure  will  be  outlined,  then 
the  numerical  procedure  will  be  illustrated  by  an  example. 

A.  Numerical  Procedure: 

1.  Select  the  temperature  variation  0(t)  as  a  function 
of  t  (numerical  step)  depending  upon  the  temperature  history  of 
heat-treatment. 

2.  Find  the  unit  dimensional  changes  due  to  volume  changes 

•  of  the  matrix  material  during  aging  from  experiments  and  incorpor- 

1 

ate  them  in  the  procedure  by  specifying  it  as  a  function  of  t. 

3.  Find  the  matrix  yield  stress  variation  as  a  function 
of  temperature  and  aging  time  from  experiments  and  incorporate 
this  in  the  procedure  by  specifying  it  as  a  function  of  t. 

i}.  Determine  the  value  of  S(t)  as  a  function  of  t  by 
using  temperature  variation  0(t)  in  Step  1  and  unit  dimensional 

(178). 
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changes  In  step  2  by  using  the  thermo-mechanical  analogy  (Equa¬ 
tion  5.5). 

5.  Determine  the  first  part  of  the  solution  by  Equation 

5.2. 

6.  Determine  the  second  part  of  the  microstress  solution 
by  using  I^(t)  =  l2(t)  =  -  S(t)  and  Y(t)  found  In  Step  3  In  the 
Hardening  Rule  (I  or  II)  In  Appendix  VII,  and  the  approximate 
microstress  solution  for  the  cylinder  In  Chapter  IV,  as  follows: 

(a)  Determine  the  Initial  yield  along  the  path  I^  = 

I2  for  yield  stress  Y(0),  The  shift  .of  the  yield  surface  Is  zero 
for  this  part  of  the  problem  at  this  step,  l.e.,  =  0. 

(b)  Find  the  change  of  I^  and  I^  during  t  and  t  +  At 

as  I^  =  ^2  ~  change  In  yield  stress  as 

dY 

AY  =  ^  At,  where  S  Is  as  found  In  Step  4  and.Y  In  Step  3. 

(c)  If  Al^  +  AY  >  0,  find  Aa^  and  Aa2  tiy 

using  the  Hardening  Rule  (I  or  II),  and  determine  the  changes  In 
the  microstresses  as  an  elastic  part  due  to  Al^^  -  Aa2^  and  tJ-2  ~ 
Aa23  and  as  an  elasto-plastlc  part  due  to  Aa^  and  Aa2  using 
approximate  cylinder  solution.  Otherwise,  determine  the  elastic 
stress  Increment  due  to  dl^  and  dl2. 

(d)  Update  the  microstresses  and  the  shifts  of  the 
yield  surfaces  by  the  Incremental  values  obtained  In  (c). 

(e)  Repeat  (b)  to  (d)  for  the  entire  heat-treatment 

history . 

7.  Determine  the  complete  solution  of  the  heat-treatment 
problem  as  a  superposition  of  the  two  parts  of  the  solution  ob¬ 
tained  in  Steps  5  and  6.  The  center  of  the  yield  surface  at  any 
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step  Is  located  at  =  S(t)  +  a^^Ct),  =  S(t)  +  a^(t)  in  the 

Ill2-plane. 


B.  Example:  Heat  Treatment  of  7075-T6M  Al-B 

For  the  heat  treatment  of  the  7075-T6M  Al-B  the  steps  in 
numerical  procedure  are  as  follows: 

1.  Temperature  variation  selected  Is  shown  in  Figure  5-4. 

Steps  1-112:  Quenching  from -862  deg.  F.  to  -320  deg.  F. 

Steps  113-140:  Reheating  from  -320  deg.  F.  to  250  deg.  F. 

Steps  141-207:  Aging  at  250  deg.  F.  for  25  hours. 

Steps  208-223:  Cooling  from  250  deg.  F.  to  70  deg.  F. 

t 

2.  The  experimental  values  of  unit  dimensional  changes 
during  aging  are  shown  In  Figure  5-19j  and  are  incorporated  in 
the  numerical  procedure  between  steps  141-207  as  shown  in  Figure 
5-4. 

3.  The  matrix  yield  stress  variation  7075  Al  in  w  state 
is  assumed  to  be  varying  linearly  from  1  ksl  at  862  deg.  F.  to 

28  ksl  at  -320  deg.  F.  The  variation  of  yield  stress  during  aging 
is  shown  in  Figure  5-19.  These  variations  are  incorporated  in  the 
numerical  procedure  as  shown  in  Figure  5-4. 

4.  The  value  of  S(t)  is  determined  by  using  the  thermo¬ 


mechanical  analogy  (Equation  5.5). 


I8l 

5.  The  first  part  of  the  microstress  solution  Is  obtained 
for  the  entire  process  by  using  Equation  5.2. 

6.  The  second  part  of  solution  Is  obtained  as  In  Step  6 
In  the  numerical  procedure. 

7.  The  complete  solution  is  obtained  by  the  superposition 
of  the  solutions  obtained  In  5  and  6. 


APPENDIX  IX. 


THERMAL  EXPANSION  COEFFICIENTS 


In  this  appendix  we  shall  outline  .a  procedure  to  determine 
the  composite  coefficients  of  thermal  expansion  from  the  composite 
strains  obtained  from  the  plasticity  theory  in  Chapter  III,  and 
the  thermomechanical  analogy  formulated  in  Chapter  V,  when  a  com¬ 
posite  Is  subjected  to  uniform  thermal  changes.  The  thermo- 
mechanical  analogy  (Chapter  V)  states  that  a  problem  of  a  composite 
subjected  to  uniform  thermal  change  can  be  considered  as  a  super¬ 
position  of  two  problems,  the  first  Involving  uniform  strain 
fields  In  the  composite  and  subjected  to  a  uniform  composite 
stress  In  all  directions,  and  the  second  involving  an  elasto- 
plastlc  composite  subjected  to  uniform  composite  in  all  directions 
(Figure  5-1).  The  composite  stresses  in  the  two  problems  are 
equal  and  opposite  and  Is  given  by  S  in  Equation  5.5- 

Now' consider  a  composite  subjected  to  uniform  temperature 
change  A6 ,  Ignoring  AL/L  In  Equation  5.1  and  substituting  it  in 
Equation  5.5  we  obtain  AS  corresponding  to  A9  as 

a„  -  a 

AS  =  3  .  - - - - -  •  A6  (IX-1) 

(1/K^)  -  (1/K^) 


(182) 
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The  composite  strains  Ae^'  2  and  In  the  I^l2-plane 

for  the  first  problem  can  be  obtained  from  Equations  5-1,  5-^ 
and  (IX-1)  by  observing  that  this  Is  a  problem  of  uniform  strain 
fields.  Thus 


Ae2 ' 


“f  -  ‘^f  % 
\  -  ■'f 


(IX-2) 


The  composite  strains  Ae^* '  and  Ae^'*  In  the  I^I^-plane 
corresponding  to  the  second  problem  (dl^  =  dl2  =  -dS)  can  be 
obtained  from  the  plasticity  theory  In  Chapter  III  (Equations  3-28 
and  3.29)  can  be  written  as 


Ae^’  ' 

Ae2’  ’ 


(IX-3) 


where  are  the  composite  compliances  and  the  derivatives  of 

the  plastic  strains  de^^/dS  and  de2^/dS  can  be  obtained  by  consid¬ 
ering  all  the  Incremental  parameters  In  Chapter  III  as  derivatives 
with  respect  to  S,  where  I^  =  I2  =  S. 

The  total  strain  Increments  are  a  superposition  of  the 
strain  Increments  of  the  above  two  problems.  Thus 


Ae^  =  Ae^'  +  Ae^’  ' 

=  t^Z^'  4-  AE2  '  ' 


(IX-4) 
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Prom  Equations  (IX-1)  to  (IX-4) 

A0 

A  £2 
Ae~ 

(IX-5) 


K  a,  -  K„a 
m  1 _ f  m 

K  -  K„ 
m  f 


(a  -  a  ) 

*3  —  ^  ^ 

^  (l/K^)  -  (1/K^) 


de 


‘^11  '^12  dS 


m  f 


-  3 


f“f  -  “m> 


(l/Kj)  -  (1/Kjjj) 


de  ^ 

^21  *^22  "dS" 


NOV7  the  composite  coefficients  of  thermal  expansion  in  the 
transverse  directions  and  a  in  the  axial  direction  can  be 

L/  CL 

obtained  from  Equation  ClX-5)  by  using  the  definitions 


a 

2 

(IX-6) 

“oa  "  ae 

The  elastic  coefficients  of  thermal  expansion  can  be  obtained 
from  Equations  (IX-5)  and  (IX--6)  by  setting  de  ^^/dS  and  d^ 
to  zero  and  using  the  appropriate  composite  compliances. 


APPENDIX  X. 


FIGURES 
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PICATINNY  ARSENAJL,  DOVER,  N.  J, 


Figure  3-2.  Variation  of  directions  of  local  stress  vectors  at 
the  interface  of  a  composite  cylinder  for  loading  along 

radial  paths 
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0.8  O  0.8  16  2.4 

TOTAL  COMPOSITE  STRAIN  €/Y,  lO'^^psi 


Figure  3-3.  Composite  Stress-Strain  Curves  obtained  for 
proportional  Loading  I2  =  31^^  from  Hardening  Rule  I 
(dashed  lines),  and  from  the  ELAS65  finite  ele¬ 
ment  solution  (solid  lines).  B—AZ  Composite, 

V„  =  0.30,  Y  =  ^0,000  psl. 


the  B-Al  Composite  Loaded  along  Zig-Zag  Path  I. 
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Figure  3-5.  Total  and  Elastic  Composite  Strains  for  the  B~Al 
Composite  Loaded  along  Zig-Zag  Path  I. 


Loaded  along  Zig-Zag  Path  II, 


Figure  3-8.  The  Ratio  of  Plastic  and  Elastic  Dilatations 

kl 


P  0  0 

Elastic  Bulk  Compliance  /dT 


for  the  B-A£  Composite  as  Functions  of  the  Angle  (j>  = 

-1 


tan  6 5  for  Proportional  Loading  =  BI, . 


Igure 


The  initial  Yield  Surface,  and  the  Complete 


Plasticity  Surface  for  Proportional  Loading  of  a  Be-Al 


Composite . 
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Figure  4-2.  The  Initial  Yield  Surf ace ,  and  the  Complete  Plasticity 
Surface  for  Proportional  Loading  of  a  B-At  Composite  (0  Indicates 


Points  Calculated  by  the  Finite  Element  Method). 
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Changes  In  the  Matrix  Due  to  Metallurgical  Transformations. 
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33/32/31  /  30  /  29  /  28 


27|  26/25/24 


21  2 
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OE=Rf  =  1.0 


EC  =1.739 


CB  =  1.0 


Figure' 5-2.  The  Elementary  Composite  Domain  of  the  Hexagonal 
Model  in  Figure  1-1  for  Axisymmetric  Problems,  and  the 

Finite  Element  Mesh. 


-20 


rr  -<p<pjr 


-  45.34  ksi 
-  crj^  =  -70.33ksi 


-40 


2024-T6  Al-W 

Vf=  0.278 

920®F  — 70°F  — 320®F(aging) 
70®F 

MATRIX  AVERAGE  STRESSES 
=  -  3.54  ksi 

13.35  ksi 
0-33  =  17.53  ksi 


Figure  5-6.  Microstress  Distribution  after  Heat  Treatment  in 
the  Cylinder  Model  (Figure  5-3)  of  the  2024-T6  At-VJ  Composite. 
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Figure  5-7.  Uniaxial  Tensile  Stress-Strain  Curves  of  the  Tungstf 
Fiber  and  the  Aluminum  Matrix. 
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Figure  5-8.  Comparison  of  the  Calculated  and  Experimentally 
Measured  Average  Microstresses  and  Composite  Stresses  During 
a  Tension  Test  of  a  2024-T6  A£-W  Composite.'  Experimental 
Data  by  Cheskis  and  Heckel,  Ref.  [46]. 
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Figure  5-9-  Loading  Surfaces  at  Various  Stages  of  Heat  Treatment 


and  During  a  Tension  Test  of  the  202^-T6  A£-W  Composite. 
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Figure  5-10.  Composite  Thermal  Expansion  Coefficients  In  the 

Axial  (a  )  and  Transverse  (a  .)  Directions  During  the 
ca  c  t 

Heat  Treatment  of  the  2024-T6  A£-W  Composite. 
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Figure  5-11.  Microstresses  at  the  Fiber-Matrix  Interface,  and 
the  Location  of  the  Elastic-Plastic  Boundary  (r  =  c)  in  the 
Matrix  During  Heat  Treatment  of  the  606I-T6  At-B  Composite, 
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Figure  5-13*  Microstresses  at  the  Fiber-Matrix  Interface,  and 
the  Location  of  the  Elastic-Plastic  -Boundary  (r  =  c)  In  the 
Matrix  During  the  Heat  Treatment  of  the  606I-T6M  A£-B 
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Figure  5-15*  Equivalent  Stress  at  the  Fiber-Matrix  Interface 
and  the  Location  of  the  Elastic-Plastic  Boundary  In  the 
Matrix  During:  (A)  Heat  Treatment  of  the  Matrix  to  the 
T6M  Temper;  (B)  a  Subsequent  Cooling  Cycle  to  -320  deg. 

F. ;  (C)  a  Subsequent  Cooling  Cycle  to  -450  deg.  F. 


for  a  606l  kt-B  Composite. 
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Figure  5-16.  Microstress  Distribution,  in  the  Composite  Cylinder 
Model  (Figure  5-3)  of  the  6O6I-T6M  A£-B  Composite,  after 
Completion  of  a  Cooling  Cycle  to  -320  deg.  F. 
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Figure  5-18.  Yield  (Loading)  Surfaces  at  Various  Stages  of 
Heat  Treatment  of  the  606I-T6M  Al-B  Composite. 
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Figure  5-20.  Mlcrostresses  at  the  Fiber-Matrix  Interface,  and 
the  Location  of  the  Elastic-Plastic  Boundary  (r  =  c)  in  the 
Matrix  During  Heat  Treatment  of  the  7075-T6  A£-B  Composite. 
Note  the  Effect  of  the  Dimensional  Change  at  the  Aging 
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Figure  5-21.  Microstress  Distribution  after  Heat  Treatment  In 
the  Cylinder  Model  (Figure  5-3)  of  the  7075-T6  A^-B  Composite. 
Dotted  Lines  and  the  Numbers  In  Parentheses  Correspond 

to  AL/L  =0. 


Figure  5-22.  Microstresses  at  the  Fiber-Matrix  Interface,  a: 
the  Location  of  the  Elastic-Plastic  Boundary  (r  =  c)  in  the 
Matrix  During  Heat  Treatment  of  the-  7075-T6M  Al-B  Compos¬ 


ite.  Note  the  Effect  of  the  Dimensional  Change  at  the 


Aging  Temperature. 


Cooling  (^=-320°F) 


Figure  5-24.  Yield  (Loading)  Surfaces  at  Various  Stages  of  Heat 
Treatment  of  the  7075-T6  A£-B,  (2),  and  7075-T6M  Al-B , 


(  4  )  5  Composites . 


MEAN  STRESS,  ksi 


Figure  5-27.  Expected  Forms  of  the  Goodman  Diagram  for  the 
6061  Af-B  Composites  at  10  Cycles  of  the  Uniaxial  Loading 


in  the  Fiber  Direction. 


100 


in  the  Fiber  Direction. 


.  ultllayered  Composite  Made  of  Unidirectional  Hexogonal  Composites,  an 
ttie  Elementary  Volume  Domains  for  the  Cross-Over  and  Regular  Solutions 
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'Material  plane  of  syrrmetry 


Figure  9-1.  Schematic  Representation  of  a  Material  Plane  of 
Symmetry  In  a  Heterogeneous  Solid  Made  of  a  Matrix  and 
Cylindrical  or  Spherical  Inclusions. 


STRESS 


Figure  10-2.  Microstress  Distribution  in  the  Matrix  at  the 
Fiber-Matrix  Interface  in  the  Lower  Layer  of  a  Multi- 
Layered  B-A£  (V„  =  0.3)  Composite  under  S.,.,. 


stress 


Figure  10-3.  Microstress  Distribution  In  the  Matrix  at  the 
Fiber-Matrix  Interface  In  the  Lower  Layer  of  a  Multi- 
Layered  B-M  (Y „  =  0.3)  Composite  Under 


Figure  10-4.  Microstress  Distribution  in  the  Matrix  at  the 
Fiber-Matrix  Interface  in  the  Lower  Layer  of  a  Multi- 
Layered  B-A£  (V^  =  0.3)  Composite  under 


STRESS 


Figure  10-6.  Microst-^ess  Distribution  in  the  Matrix  at  the 
Fiber-Matrix  Interface  in  the  Lower  Layer  of  a  Multilayered 
B-AL  (V^  =  0.3)  Composite  under  S-,_. 


Figure  10-7.  Microstress  Distribution  in  the  Matrix  at  the 
Fiber-Matrix  Interface  in  the  Lower  Layer  of  a  Multilayered 
B-Al  (V^  =  0.3)  Composite  under  S  . 
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B-Al 
=  0.3 


Legend 

— -  C/0  Solution 
—  — ’  Regular  Solution 
*  —  *  Mises 


Figure  10-8.  Initial  Yield  Surfaces  for  a  Multilayered  B-A£ 
(V^  =  0.3)  Composite  Loaded  in  S^^-S22  Composite  Stress 
Plane.  c/o  Indicates  Cross-Over  Solution  and  Y  is 


the  Matrix  Yield  Stress. 
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B-AI 
Vf  =  0.3 


Legend 

C/0  Solution 
—  —  Regular  Solution 
•  —  •  Mises 


Figure  10-10.  Initial  Yield  Surfaces  for  the  Multilayered  B-Al 
(V^  =  0.3)  Composite  Loaded  in  Composite  Stress  Plane. 


B-AI 


Legend 

C/0  Solution 


Figure  10-11.  Initial  Yield  Surfaces  for  the  Multilayered  B-kl 
(V^  =  0.2)  Composite  Loaded  in  Composite  Stress 


Plane . 
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.  ABSTRACT 

This  is  a  two-part  study  on  the  plastic  deformation  of  the  fiber- 
reinforced  metal  matrix  composites. 

In  the  first  part  of  the  study,  a  plasticity  theory  is  formulated 
to  predict  analytically  the  macroscopic  and  microscopic  responses  of 
the  unidirectional  fiber-reinforced  metal  matrix  composites,  loaded  by 
axisymmetric  composite  stress  states.  The  composites  are  made  of 
isotropic,  linearly  elastic  fibers,  and  elastic-plastic,  nonhardening 
matrix  of  Mises  type,  and  are  assumed  to  be  both  plastically  extensible 
and  compressible.  It  is  shown  that  the  unidirectional  composites  exper 
ience  kinematic  hardening  when  loaded  by  axisymmetric  composite  stress¬ 
es.  The  hardening  and  flow  rules  governing  the  kinematic  hardening 
are  formulated.  The  results  obtained  by  the  hardening  and  flow  rules 
are  compared  with  exact  plasticity  solutions  based  on  the  finite  ele¬ 
ment  method.  A  very  good  agreement  is  obtained  both  for  proportional 
and  general  loading  regimes .  An  approximate  method  for  the  determina¬ 
tion  of  microstresses  in  the  unidirectional  composites  under  axisym¬ 
metric  loading  is  described. 

The  plasticity  theory  is  used  to  solve  micromechanics  problems  . 
which  arise  as  a  result  of  heat  treatment  of  the  composites  during  fab- 
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(Abstract  continued) 


rication.  The  residual  microstresses  and  the  yield  surfaces  of  sever^ 
heat-treated  unidirectional  metal  matrix  composites  are  , 
analytical  simulation  of  the  heat  treatment  sequences.  The  results  ol 
taiied  for  a  heat-treated  tungsten-aluminum  composite  are  compared  wi 
existing  experimental  v/ork  to  show  that  the  analytical  predictions  ar 
v^rf  i2?u?SS!  in  addition,  new  heat  treatment  sequences  that  may  im 
prove  the  properties  of  unidirectional  boron-aluminum  composites  are 

scribed. 

The  second  part  of  the  study  is  concerned  with  composite  laminate. 
Specifically,  solution  procedures  are  described  for  the  determination- 
of  microstreLes  in  the  laminae,  and  in  the  fiber  crossover  regions  a^ 

Interfaces  between  the  laminae.  Particular  solutions  are  present 
for  the  0-90  deg.  B-A£  laminates.  The  local  microstresses,  and  the  i] 
tial  yield  surfaces  of  the  laminates  are  found  for  the  combinations  o 
applied  composite  stresses  which  are  frequently  encountered  in  practi 

applications . 


